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Abstract. Let K he a, field equipped with a discrete valuation v. In a pioneering 
work, S. MacLane determined all extensions of v to discrete valuations on K{x). 
I His work was recently reviewed and generalized by M. Vaquie, by using the graded 

^S] ' algebra of a valuation. We extend Vaquie's approach by studying residual ideals 

of the graded algebra of a valuation as an abstract counterpart of certain residual 

■ polynomials which play a key role in the computational applications of the theory. 
As a consequence, we determine the structure of the graded algebra of any discrete 
valuation on K(x) and we show how these valuations may be used to parameterize 
irreducible polynomials over local fields up to Okutsu equivalence. 

H 

■ Introduction 
> I 

^ In a pioneering work, S. MacLane linked in 1936 the theory of discrete valuations on 

a field of rational functions in one variable with the study of irreducible polynomials 
over local fields. Several authors have proposed since then different approaches to 
either of these questions. In this paper, we show that MacLane's original approach. 



(N 
> 



1/-^ . combined with some ideas of Montes and Vaquie, provides a unified insigth for the 

main developments of these topics. Before describing the contents of the paper in 
^ I more detail, let us briefiy recall some milestones in these developments. 

• MacLane's solution to a problem raised by Ore. In the 1920's, 0. Ore devel- 

^ ! oped a method to construct the prime ideals of a number field, dividing a given prime 

number p, in terms of a defining polynomial / G Z[x] satisfying a certain p-regularity 
condition [151 [IS]- The idea was to detect a p-adic factorization of / according to 
k>( ■ the different irreducible factors of certain residual polynomials over finite fields, at- 

! tached to the sides of a Newton polygon of /. He raised then the question of the 

existence of a procedure to compute the prime ideals in the p-irregular case, based 
on the consideration of similar Newton polygons and residual polynomials of higher 
order. 

MacLane solved this problem in 1936 in a more general context [TUl [TT] . For 
any discrete valuation v on an arbitrary field K, he described all discrete valuations 
extending v to the rational function field K{x). Then, given an irreducible polynomial 
/ G K[x], he characterized all extensions of v to the field L := K[x]/{f) as limits of 
infinite families of valuations on K{x) whose value at / grows to infinity. Finally, he 
gave a criterion to decide when a valuation on K{x) is sufficiently close to a valuation 
on L to uniquely represent it. 
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There is a natural extension /iq of v to K{x) satisfying /Uo(x) = 0. Starting from 
/io, MacLane constructed inductive valuations fi on K[x) extending f , by the con- 
catenation of augmentation steps 

(01, Al) (</'2,A2) (</)r-l,Ar_l) (0r,Ar) 

/^O ^ /^l ^ ■ ■ ■ ^ Z^r-l ^ A^r — 

based on the choice of certain key polynomials (pi G K[x] and arbitrary positive 
rational numbers Aj. In the case K = Q, Ore's p-regularity condition is satisfied when 
all valuations on L extending the p-adic valuation are sufficiently close to valuations 
on K{x) that may be obtained from /xq by a single augmentation step. 

After MacLane's work, inductive valuations were rediscovered and extensively stud- 
ied as residually transcendental extensions of v to K{x) [UlTTllin]. In this approach, 
the valuations are first analyzed for algebraically closed fields, where they may be 
obtained as a simple augmentation of /Xq with respect to a key polynomial of degree 
one. The general case is then deduced by descent. 

Let be the completion oi K and let C be the valuation ring of K^. 
We denote by P the set of all monic irreducible polynomials in An F G P is 

called a prime polynomial with respect to v. 

Okutsu equivalence of prime polynomials. For v a discrete valuation on a 
global field K and F a prime polynomial, K. Okutsu constructed in 1982 an explicit 
integral basis of the local field Kp = Ky[x]/ (F), in terms of a finite sequence of prime 
polynomials 0i, . . . , 0^ which are a kind of optimal approximations to F with respect 
to their degree [H]. Such a family . . . , 0^] is called an Okutsu frame of F. The 
polynomials (pi support certain numerical data, the so-called Okutsu invariants of F, 
containing considerable information about F and the field Kp. 

An equivalence relation ^ on the set P is defined as follows: two prime polynomials 
-F, G G P of the same degree are said to be Okutsu equivalent if 

t;(Res(G,F))/degG > t;(Res(0„ F))/ deg0^. 

In this case, F and G have the same Okutsu invariants, and the fields Kp, Kq have 
isomorphic maximal tamely ramified subextensions [1]. 

In 1999, J. Montes carried out Ore's program in its original formulation E]. 
Given a finite extension L/K oi number fields determined by an irreducible polyno- 
mial / G K[x], and given a prime ideal p of K, Montes constructed the prime ideals 
of L lying over p by finding polynomials in K[x] which are Okutsu equivalent to the 
irreducible factors of / in /Ttjfx], where v = Vp is the p-adic valuation. The method 
computes as well Okutsu frames and the Okutsu invariants of each irreducible factor. 
In this setting, the use of MacLane's valuations and Newton polygon operators is com- 
plemented with the introduction of residual polynomial operators Ri : K[x] — > ^i[y], 
where i > is the "order" of a valuation, Fj is a certain finite field, and x, y are 
indeterminates. These operators make the whole theory constructive and well-suited 
to computational applications. These ideas led to the design of several fast algorithms 
to perform arithmetic tasks in global fields [21 El O 13 El [13] . 

Contents of this paper. In 2007, M. Vaquie reviewed and generalized MacLane's 
work. For an arbitrary field K, he determined all valuations on K{x) extending an 
arbitrary valuation v on K ^U\. The use of the graded algebra Qr{^) of a valuation 
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II restricted to the polynomial ring K[x] led Vaquie to a more elegant presentation of 
the theory. 

In this paper, restricted to the discrete case, we have a double aim. On one hand, 
we extend Vaquie's approach by including a treatment of the residual polynomial 
operators atached to a discrete valuation fi over an arbitrary field K. The residual 
polynomials are interpreted as generators of residual ideals in the degree- zero subring 
A(/x) of the graded algebra Gr{fi). The residual ideal of a polynomial g G K[x] is 
defined as Ti-^^g) = H^{g)Qr{fi) fl A(/i), where H^{g) is the natural image of g in 
the piece of degree ii{g) of the algebra. In sections 1-5, we review the properties of 
MacLane's inductive valuations, while making apparent the key role of the residual 
ideals in the whole theory. As an application of this point of view, we determine the 
structure of Gr{fi) as a graded algebra (Theorem 14.131) . 

Our second aim is to show that this approach leads to a natural generalization 
of the results of Okutsu and Montes to arbitrary discrete valued fields. A prime 
polynomial F e P induces a pseudo- valuation /ioo,F on K[x] via the composition 

/ioo,F : K[x] ^Kp^QU {oo}, 

where we denote again by v the unique extension of v to Kp- According to MacLane's 
insight, approximating F by polynomials in K[x] is equivalent to approximating fioo,F 
by valuations on K{x). In section [6], we introduce a canonical inductive valuation 
fip which is a threshold valuation in this approximation process, and we reproduce 
most of the fundamental results of [H El [121 [IH IB] with much shorter proofs. An 
Okutsu frame of F is seen to be just a family of key polynomials of an optimal chain 
of inductive valuations linking fj,Q with fip (Theorems 16. 9[ 16.111) . and the Okutsu 
invariants of F are essentially the MacLane invariants of these valuations, introduced 
in section [31 

The main result of the paper is Theorem I6.19[ where we establish a canonical 
bijection between the set P/ ~ of Okutsu equivalence classes of prime polynomials 
and the MacLane space M of {K,v), defined as the set of all pairs where /i 

is an inductive valuation on K{x) and £ is a strong maximal ideal of A(/i). The 
bijection sends the class of F to the pair {fip,7l^p{F)). This result reveals that 
MacLane's original approach is best-suited for computational applications, because 
the elements in the set M may be described in terms of discrete parameters which 
are easily manipulated by a computer. However, we postpone the discussion of these 
computational aspects to a further paper [3] . 

Finally, in section [7] we briefly recall MacLane's results on limits of inductive valu- 
ations. We analyze in detail the interval [^oy I^oo,f) of all valuations fi on K{x) such 
that fi{g) < ^oo,f{9) for all g G K[x]. In Theorem 17.71 we prove that this interval is 
totally ordered and give an explicit description of all the valuations therein. 

The paper is written in the form of a survey. It is self-contained and includes proofs 
of all results in sections 1-6, except for a couple of basic facts taken from ^20i Sec. 1]. 

Contents 
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1. Augmentation of valuations 

Let be a field equipped with a discrete valuation v: K* — y Z, normalized so 
that v{K*) = Z. Let O be the valuation ring of K, m the maximal ideal, vr G m a 
generator of m and ¥ = O/m the residue class field. 

Let Kj; be the completion of K and denote again by v : —y QU{oo} the canonical 
extension of f to a fixed algebraic closure of K^. Let be the valuation ring of Ky, 
xriy its maximal ideal and F„ = C^,/m^, the residue class field. The canonical inclusion 
K C Ky restricts to inclusions O G Oy, m C m^, which determine a canonical 
isomorphism F ~ F^,. We shall consider this isomorphism as an identity, F = F^, and 
we indicate simply with a bar, : Oy[x] — > F[x], the canonical homomorphism of 
reduction of polynomials modulo rciy. 

Our aim is to describe all extensions of v to discrete valuations of the field K{x), 
where x is an indeterminate. 

Definition 1.1. Let V be the set of discrete valuations, fi: K{x)* — > Q, such that 
= V and ji{x) > 0. For any /i G V, denote 

• r(/i) = /i {K{x)*) C Q, the cyclic group of finite values of fi. The ramification 
index of fi is the positive integer e{fi) such that e{fi)T{fi) = Z. 

• K{fi), the residue class field of fi. 

• C ^(/i), the algebraic closure o/F inside n{fi). 

From now on, the elements o/V will be simply called valuations. 
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Since we are only interested in (rank one) discrete valuations, we may assume that 
our valuations are Q-valued. On the other hand, the assumption ii{x) > is not 
essential; it gives a more compact form to the presentation of the results. For the 

determination of the discrete valuations with < one may simply replace x by 

1/x as a generator of the field K{x) over K. 
In the set V there is a natural partial ordering: 

l^<l^' if i^{g)<i^'{g),ygeK[x]. 
We denote by /Xq G V the valuation which acts on polynomials as 

Clearly, fJ^o < n for all jj eY; in other words, fi^ is the minimum element in V. 

1.1. Graded algebra of a valuation. Let G V be a valuation. For any a e r(/x) 
we consider the following (9-submodules in K[x]: 

Va = VaifJ^) ^{ge K[x] I f,{g) > a} D P+ = ^ {g e K[x] \ f,{g) > a}. 

Clearly, Vq is a subring of K[x], and Va, are Po-submodules of K[x] for all a. 
The graded algebra of /i is the integral domain: 

grin) -.^gr^Kix] -.^^^^^^^VJV:. 

Let A(/x) = Vq/Vq be the subring determined by the piece of degree zero of this 
algebra. Clearly, O <zVo and m = Vq r\0; thus, there is a canonical homomorphism 
F — > A(|u), equipping A(//) (and Qr{^)) with a canonical structure of F- algebra. 

Let A C K{x) be the valuation ring of /i and its maximal ideal. Since Vo = 
K[x\ n A and Vq = K[x] fl vxa, we have an embedding A(/i) «;(/x). We shall see 
along the paper that this embedding identifies k.{ij,) with the field of fractions of A(/x). 

There is a natural map H^: K[x] — > Q^ilj), given by i?//(0) = 0, and 

for 5* 7^ 0. Note that H^{g) = if and only \i g = {). For all g,h E K[x] we have: 

H,{gh)=H,{g)H,{h), 
^ ' H,{g + h) = H^{g) + H^{h), if ^{g) = fi{h) = ^{g + h). 

\l jJL < fl', a canonical homomorphism of graded algebras Gr{fi) — )• Qr{fi') is de- 
termined by 5f + V'^{ii) ^ g + "P^ (a*') for all g, a. The image of H^^g) is H^i^g) if 
IJ,{g) = fj,'{g), and zero otherwise. 

Definition 1.2. 

• We say that g,h & K[x] are //-equivalent, and we write g h, if H^{g) = H^{h). 
Thus, g ~^ h if and only if ii{g — h) > ii{g) — ii{h) or g — h — 0. 

• We say that g is /x-divisible by h, and we write h |^ g, if H^{g) is divisible by Hn{h) 
in Grdi). Thus, g if and only if g ~^ hf for some f e K[x\. 

• We say that e K[x\ is /i-irreducible if H^{(t))Qr{fx) is a non-zero prime ideal in 
Qr{n). 
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• We say that G K[x] is ^-minimal if deg0 > and (f) g for any non-zero 
g G K[x] with degg < deg0. 

Lemma 1.3. Let (p & K[x] be a polynomial of positive degree. For any g G K[x], let 
g = J2o<s9s(p^, deggs < degcj), be its canonical (p-expansion. The following conditions 
are equivalent: 

(1) is ^-minimal 

(2) For any g G K[x], n{g) = mm{n{go),n{g - go)}- 

(3) For any g G K[x], fi{g) = mino<s{Ai(fi's0')}. 

(4) For any nonzero g G K[x], (f)\^ g if and only if fi{g) = /i(5'o)- 

Proof Let g - go = (pq. If ii{g) > ii{go), or n{g) > fi{(l)q), then go ~^ and 
(p 1^ go- Hence, (1) implies (2). 

Clearly, (2) implies (3). Let us show that (3) implies (4). For a non-zero polynomial 
g, (3) implies iJ,{g) < fi{go). If /i(fi') < fiigo), then g ~^ T.o<s 9s(p', and (p \f, g. 
Conversely, if g ~^ (pq for some q G K[x], then go is the 0-th coefficient of the 
0-expansion of g — (pq, and (3) implies that fj,{g) < n{g — (pq) < ^{go)- 

Finally, (4) implies (1) because g = go if degg < deg0, and (4) implies (p \^ g. □ 

The property of yU-minimality is not stable under /^-equivalence. For instance, if 
g is yU-minimal and ^{g) > 0, then g + g"^ ~^ g, but g + g"^ is not yU-minimal, since 
9 + 9^ \fi 9 aiid deg{g + g^) > degg. Nevertheless, for /i-equivalent polynomials of the 
same degree, /i-minimality is obviously preserved. 

1.2. Key polynomials and augmented valuations. 

Definition 1.4. A key polynomial for the valuation fi is a monic polynomial (p G K[x\ 
which is ^-minimal and ^-irreducible. 

We denote by KP(yu) the set of all key polynomials for fi. 

For instance, KP(yUo) is the set of all monic polynomials g G 0[x] such that 'g is 
irreducible in ¥[x]. 

Since //-minimality is not stable under /t-equivalence, the property of being a key 
polynomial is not stable under /i-equivalence. However, for polynomials of the same 
degree this stability is clear. 

Lemma 1.5. Let (p be a key polynomial for fi, and g G K[x] a monic polynomial such 
that (p In g and degg = deg(p. Then, (p ~^ g and g is a key polynomial for fi. 

Proof. The 0-expansion of gis g = a+0, with deg a < deg (p. By item 4 of Lemma [T73| 
we have fi{g) < fi{a), so that (p ~^ g. Hence, H^{g) = H^{(p), and g is /t- irreducible. 
Since degg = deg0, g is /t-minimal too. □ 

Definition 1.6. For (p G KP(/t) and g G K[x\, we denote by oidfj_^^{g) the largest 
integer s such that (p^ |^ (/. We convene that ord^.(^(0) = oo. 

Since (p is /i-irreducible, for all g,h E K[x\ we have 

(2) oid^^4,{gh) = oid^^^^^g) + OTd^^^{h). 

The map ord^^^ induces a group homomorphism K{x)* — )■ Z, but it is not a 
valuation. For instance, if n > fi{(p), then oYd^^^{(p) = 1 = oTd^^^{(p + vr"), but 
ord^_(^(7r") = 0. However, as a consequence of ([T]), it has the following property. 
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Lemma 1.7. If g,h G K[x] satisfy n{g) = fj,{h) = fj,{g + h), then ord^ (^(5f + h) > 
min{ord^,<^(5f),ord^,0(/i)}, and equality holds if oid^^^^g) ^ ord^,<^(/i). □ 

Definition 1.8. Take G KP(/i) and A G Q>o- The augmented valuation of fi with 
respect to these data is the valuation /i' determined by the following action on K[x]: 

• yu'(a) = fi{a), if deg a < deg0. 

• ^'(0) = /i(0) + A. 

• If 9 = Y.o<s9s4>'' is the (j)-expansion of g, then fi'{g) = mino<s{/i'(5's0'')}- 
Or equivalently, fi'{g) = mino<s{/i(5's0*) + s\}. We denote fi' = [/i; (0, A)]. 

Proposition 1.9. [TOl Thms. 4.2, 5.1], |20l Thm. 1.2, Prop. 1.3] 

(1) The natural extension of ^' to K{x) is a valuation on this field and fi < fi' . 

(2) For a non-zero g G K[x], ji{g) = fi'{g) if and only if g. Hence, 
i7^(0) Qrifi) = Ker(e?r(/i) ^ 6^r(/i')). 

(3) The group r(/i') is the subgroup of Q generated by /i'(0) and the subset 

T^ifi) := {fi{g) I g G K[x], g 0, degg < deg0} C T{n). □ 

The group r(/i') does not necessarily contain r(/i). For instance, for the valuations 
/i = [/io; (x, 1/2)], /i' = [fi; (x, 1/2)] = [;Uo; {x, 1)], 
we have r(yu) = (1/2)Z, which is larger than r(yu') = Z. 

Lemma 1.10. Let fi' = [//; (0, A)] be an augmented valuation. Then, cj) is a key 
polynomial for fi' . 

Proof. By Lemma [L3l is /I'-minimal; thus, -ff/i'(0) is not a unit in Qr{^'). Suppose 
that 1^' (7/1 for non-zero g,h G i^'[x]. The 0-th coefficient of the 0-expansion of 
gh is the remainder cq of the division of g^hQ by 0. Since is /x-irreducible, we have 
S'o^o and Lemma [T73] shows that fi{goho) = fi{co). By Lemma [L3| from |^/ (yf/i we 
deduce //'(s-Zi) < /i'(co) = /i(co) = fi{goho) = f^ igoho). Hence, either n'{g) < fx' (go) or 
/x'(/i) < fx'^ho). By Lemma [L3| either |^/ (7, or |^/ /i. Thus, is /x'- irreducible. □ 

Lemma 1.11. Every G KP(/i) zs irreducible in Ky[x]. 

Proof. Suppose (p = gh for two monic polynomials g,h & Ky[x]. Then, for any positive 
integer n, there exist polynomials gn, hn G K[x] such that = gnhn (mod m") and 
deg5f„ = deg^f, deg hn = degh. By taking n large enough, we get ~^ 5f„/i„; by the 
/i-irreducibility, divides one of the factors in Qr{jj), say (p \^hn- By the /i-minimahty 
of 0, this implies deg0 < deg hn- Thus, necessarily (j) = h and (7 = 1. □ 

Let be a key polynomial for yU. Choose a root ^ G -ft't, of and denote i^,^ = K^{6) 
the finite extension of generated by 6. Also, let Ofp C be the valuation ring of 
K^, the maximal ideal and = O^/m^ the residue class field. 

We denote by e(0) and /(0) the ramification index and residual degree of K^/ K^, 
respectively. Hence, deg0 = e(0)/(0). 

Let /ioo,</> be the pseudo-valuation on K[x\ obtained as the composition: 

/ioo,0: K[x] ^ K,{d) ^ QU {00}, 

the first mapping being determined by x 1— i- By the uniqueness of the extension of 
V to Ky, this pseudo- valuation does not depend on the choice of 6* as a root of 0. 
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We recall that a pseudo-valuation has the same properties than a valuation, except 
for the fact that the pre-image of oo is a prime ideal which is not necessarily zero. 
For /i0,oo this prime ideal is the ideal of K[x\ generated by (p. 

Consider now the map ji' : K[x\ — )■ Q U {00} , where /x' := [/i; (0, 00)] is defined as 
in Definition II .St but taking A = 00. The arguments in the proof of Proposition 11.91 
are equally valid in this case, and they show that /i' is a pseudo- valuation on K[x\ 
such that yU < /i', and for a non-zero g G K[x\^ ^{g) = fi'{g) if and only if g. 

Since {fi')~^{oo) = (j)K[x], the pseudo- valuations fi' and /ioo,</. induce two valuations 
on the field K[x]/ (0). These valuations coincide because is irreducible in K^[x] and 
the field K[x]/{(j)) admits a unique valuation extending v on K. This implies that 
yu' = f^oD,(f)- Hence, we obtain the following results by mimicking Proposition 11.91 

Proposition 1.12. If (p is a key polynomial for fi, then 

(1) fJ' < Atoo,0, and for a non-zero g G K[x], fi{g) = fioo^d) '^^^V 9- 

(2) v{Kl) = TM ■= I 9 e K[xl g^O, degg < deg0} C r(/x). 

In particular, is a subgroup ofT{^). □ 

In principle, a strict translation of Proposition 11.91 would only state that v{K^) is 
the subgroup of T{fi) generated by the subset T^{fi). However, every element in 
can be expressed as g{9) for some non-zero g G K^lx] with deg^ < deg0; hence, if 
g G K[x] has degg = degg and it is sufficiently close to g in the f-adic topology, we 
have v{g{6)) = v{g{6)) = fi{g) G This shows that v{K^) = T^{^). 

Corollary 1.13. KP(/i) C 0[x]. 

Proof. Suppose G KP(/i) and let 9 G be a root of 0. Since < < 

fJ'oo,<j>{x) = v{9), the root 9 belongs to (9^ and its minimal polynomial over must 

have coefficients in Oy Ci K = O. □ 

The next result is a kind of partial converse to Propositions 11.91 and 11.121 

Lemma 1.14. [20] Thm. 1.15] Let fi be a valuation and fi' a pseudo-valuation on K[x] 
such that yU < /i'. Let (p & K[x] be a monic polynomial with minimal degree satisfying 
fi{(f)) < /i'(0)- Then, cp is a key polynomial for ^ and for any non-zero g G K[x], 
^{g) = ^'{g) is equivalent to cp \^ g. Moreover, for A = /u'(0) — /u(0) G Q>o U {00}, 
we have /i < [/i; (0, A)] < /i'. □ 

1.3. Residual ideals of polynomials. Let yU be a valuation on K{x). Denote A = 
A(yu), and let /(A) be the set of ideals in A. Consider the residual ideal operator: 

n = n^:K[x]^I{^), g^ An H^{g)gr{fi). 

The following basic properties of TZ are immediate. 

g^h =^ nig) D n{h), 
(3) gr^^h =^ n{g)=TZ{h), 

H,{g)eGT{^y ^ nig) = A, 

where Qr{^)* is the group of units of Qr{fi). In sections H] and [5] we shall derive more 
properties of this operator IZ, which translates questions about K[x] and /i into ideal- 
theoretic considerations in the ring A. Let us now see that IZ attaches a maximal 
ideal of A to any key polynomial for /i. 
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Proposition 1.15. If (j) is a key polynomial for ji, then 

(1) 7?.(0) is the kernel of the onto ring homomorphism A -» determined by 
g{x) + Vq g{9) + m^. In particular, 7l{4>) is a maximal ideal of A. 

(2) For any augmented valuation fi' = [/x; {(f), A)], 7^(0) = Ker(A — )■ A(yu')). Thus, 
the image of A ^ ^(/^') O' field, canonically isomorphic to 

Proof, li g E Vq, we have v{g{6)) > fi{g) > 0, and g{9) G O^. Thus, we get a well- 
defined ring homomorphism Vq — )■ F^. This mapping is onto, because every element in 
F^ may be represented as (7(6') -fm^ for some g G K[x], with degg < deg cj) = [K^ : K^], 
satisfying v{g{0)) > 0. Proposition 11.121 shows that fi{g) = v{g{6)) > 0, so that 
g belongs to Vq- Finally, if (7 G Vq, then v{g{6)) > fi{g) > 0; thus, the above 
homomorphism vanishes on Vq and it determines the onto map A ^ F,^. The kernel 
of this homomorphism is IZ{(f)) by Proposition 11.121 

The second item is a consequence of Proposition 11.91 and the first item. □ 

2. Newton polygons 

The choice of a key polynomial (p for a valuation /j, determines a Newton polygon 
operator 

N,,^: K[x] 

where 2*^ is the set of subsets of the euclidean plane M^. The Newton polygon of the 
zero polynomial is the empty set. li g = Ylo<s ^s'P^ canonical 0-expansion of a 

non-zero polynomial g G K[x\, then N^^^{g) is the lower convex hull of the cloud of 
points {s, ^{ascj)^)) for all < s. 

Definition 2.1. The length of a Newton polygon N is the abscissa of its right end 
point. It will be denoted by i{N). 

Since fi{g) = mino<s{/i(as0'*)}, the rational number ^{g) is the ordinate of the 
point of intersection of the vertical axis with the line of slope zero which first touches 
the polygon from below. Figure [1] shows the typical shape of N^^^{g). 

If the Newton polygon = N^^^{g) is not a single point, we formally write = 
Si + ■ ■ ■ + Sk, where Si are the sides of N , ordered by their increasing slopes. The 
left and right end points of N and the points joining two sides of different slopes are 
called vertexs of A^. 
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Figure 2. Newton polygon of a monomial as(f)' 
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Usually, we shall be interested only in the principal Newton polygon N^^{g) formed 
by the sides of negative slope. If there are no sides of negative slope, then N~^{g) is 
the left end point of Nfj_^^{g) 

Lemma 2.2. For every non-zero polynomial g G K[x], ^{N~^{g)) = OTdfj,^^{g). 

Proof. Let g = Ylo<s ^s4''^ 0-expansion of g. If 7^ 0, then (p \^ a^, because 

degOs < deg0 and is yU-minimal. Hence, ord^^^^agcj)'^) = s for all s such that 7^ 0. 

Let / = {s e Z>o I fi{as(f)'^) = /x(fi')} and consider h = J2sei '^^(p'^ ■ Clearly, 
So := ^(^0(5')) = niin(J). Since g ~^ h, we have oid^^^ig) = oid^^^{h) = sq, by 
Lemma II.yI □ 

From now on, we fix ft' = [ft; (0, A)], an augmented valuation of /i with respect to 
the key polynomial (p and a positive rational number A. Let us first show how to read 
the value fi'{g) in the Newton polygon N^^^p^g) (see Figure [3l). 

Lemma 2.3. For any non-zero g G K[x], the line of slope —A which first touches the 
polygon N^^^{g) from below cuts the vertical axis at the point {0,fi'{g)). 

Proof. For any point P = {s, ^{agCp^)), the value /i'(as0'*) = fi^agCp^) + sA is the 
ordinate of the point of intersection of the vertical axis with the line of slope —A 
passing through P (Figure[2]). The lemma follows from fi'{g) = mino<s{/i'(as0'^)}. □ 

By Lemma I1.10[ is a key polynomial for fi' and it makes sense to consider the 
Newton polygon N^i^^{g), which is related to N^^^{g) in an obvius way. 

Lemma 2.4. Let H: — be the affine transformation y) = (x, y + Ax). 

Then,N^,^4,{g) = V,{N^^4,{g)). □ 

The affinity "H acts as a translation on every vertical line, and the vertical axis is 
pointwise invariant. If is a side of N^^^{g) of slope p, then 'H(S') is a side of N^i^^{g) 
of slope p + A; also, the end points of S and 'H(S') have the same abscissas. 

Definition 2.5. Let g G K[x] be a non-zero polynomial and denote N = Nf^^^{g). 
We define the A-component of g as the segment 

Sx{g) := S^/{g) := {{x,y) E N \ y -\- \x is minimal} = N H L_x, 

where L_a is the line of slope —A which first touches the polygon N from below. 

We denote by s{g) = s^i{g) < s\g) = s'^,{g) the abscissas of the end points of 
S\{g)- We denote by u{g) = u^i{g) the integer such that {s{g),u{g)/e{fj,)) is the left 
end point of Sx{g) (see Figure\3^. 
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Figure 3. A-component of a polynomial g G K[x\. 
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If has a side S of slope —A, then S\{g) = S; otherwise, Sx{g) is a vertex of 
and s{g) = s'{g). 

If g = ^o<s ^fi'^'^ 0-expansion of g, consider / = {s G Z>o | fj,'{as(f>'^) = 
By Lemma[231 I coincides with the set of all s G Z>o such that the point (s, ^{agcf)'^)) 
lies on Sx{g)', in particular, s{g) = min(J), s'{g) = max(/). According to MacLane's 
terminology, s'{g) is the effective degree of g and s'{g) — s{g) is the projection of g 
with respect to the augmented valuation /x' pjj, Sees. 3,4]. 

Lemma 2.6. Let g,h & K[x] be two non-zero polynomials. 

(1) Ifg h, then Sxig) = Sx{h). 

(2) s{g) = ord^/,0(^). 

(3) s'{g) = ord^'i^g), where /i" = [/i; (0, A — e)] for a sufficiently small e G Q>o- 

Proof. The first item is a consequence of the remarks preceeding the lemma. 

By Lemma [2. 4[ the image of Sx{g) under the affinity Ti is the side of slope zero of 
N^,',^{g). Thus, s{g) = ord^'^^^g), by Lemma E^l 

Finally, if e G Q>o is sufficiently small, the right end point of Sx{g) is equal to the 
left end point of Sx~e{g) and item 3 is a consequence of item 2. □ 

There is a natural addition of segments in the plane. We admit that a point in 
the plane is a segment whose left and right end points coincide. Given two segments 
S, S', the addition S + S' is the ordinary vector sum if at least one of the segments 
is a single point. Otherwise, A^ = S* + 5" is the Newton polygon whose left end point 
is the vector sum of the two left end points of 5* and S', and whose sides are the join 
of S and S', considered with increasing slopes from left to right (see Figure H]). 

Corollary 2.7. For non-zero g,h E K[x], we have Sx{gh) = Sx{g) + Sx{h). 

Proof. For sides of the same slope (or of length zero), this additivity is equivalent to 

s{gh) = s{g) + s{h), s'{gh) = s'{g) + s'{h), and u{gh) = u{g) + u{h). 

The two first equalities are a consequence of equation ([2]) and Lemma 12.61 In order 
to prove the third, let g = '^o<s(^s4>^ , h = ^o<t ^t*^* 0-expansions of g,h, 

respectively. Let Sq = s{g), to = s{h), and consider G = '^so<s^s4>^ ^ ^ ~ X]to<t^<*^*- 
Since G g, H ~^ h, GH ~^ gh, we may suppose g = G, h = H. Now, the left 
end point of Sx{gh) has abscissa Sq + to and the (sq + to)-th term of the 0-expansion 
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Figure 4. Addition of two segments 



S + S' 




of gh is the remainder c of the division ag^btQ = (t>q + c. Since cj) dsoho, Lemma 
11.31 shows that fi^ag^^bto) = /^(c)- Hence, u{g) + u{h) = e(/i) (yu(as„0'*°) + fi{btg(f)^°)) = 
e(/i)/i(c0"o+*°) = u{gh). □ 

The addition of segments may be extended to an addition law for Newton polygons. 
Given two polygons N = Si + ■ ■ ■ + Sk, N' = S[ + ■ ■ ■ + S^,, the left end point of the 
sum + A^' is the vector sum of the left end points of A^ and A^', whereas the sides 
of A^ + A^' are obtained by joining all sides in the multiset {Si, . . . , 5*^, S'l, . . . , 5*^/}, 
ordered by increasing slopes |:6, Sec. 1]. As an immediate consequence of Corollary 
\2.7\ we get the Theorem of the product for Newton polygons. 

Theorem 2.8. Let n be a valuation and (p o, key polynomial for ^. Then, N^^{gh) = 
^flrpid) + ^iI<t>W f^''^ non-zero g,h E K[x\. □ 

The analogous statement for entire Newton polygons is false. For instance, consider 
g,h E K[x] such that degg, degh < degcp and deg gh > deg0; then, N^^^{g) and 
N^^^{h) are a single point, while Nfj,^^{gh) has a side of length one. 

We now apply these Newton polygon techniques to obtain a characterization of the 
units in Qr{^') and a criterion for /i'- minimality in terms of 0-expansions. 

Lemma 2.9. For any non-zero g G K[x], H^i{g) is a unit in Qr{fj,') if and only if 
g a for some a G K[x] such that deg a < degcj). This condition holds if (j) \^ g. 

Proof. Suppose g a for some a E K[x] such that deg a < deg 0. Since a is coprime 
to (f), we have a Bezout identity ah + (pf = 1, with h, f E K[x] and deg h < deg (p. By 
Proposition 11.91 fi{ah) = fi'{ah); hence, 

IJ,'{ah - 1) = > yu(</>/) > mm{fi{ah), 0} = min{/i'(a/i), 0}. 

Therefore, ah 1 and H^/{g) = Hfj,i{a) is a unit in Qr{ji'). 

Suppose gh r^^r 1 for some h G K[x], and let g = J2o<s^s(p'^ 0-expansion 
of g. By Lemmata and Corollary [2171 Sxig) + Sxih) = ~Sxigh) = 5a(1) = {(0,0)}. 
Hence, Sx{g) is a single point of abscissa zero. This implies that g Qq. 

Finally, suppose (p g, and let g = (pq -\- a be the divison with remainder of g by 
(p. By Lemma [L3] and Proposition 11.91 fj,'{g — a) = fJ,'{(pq) > lJi{(pq) > fJ^ig) = f^'{g)- 
Therefore, g a. □ 

Lemma 2.10. Let g = Yll=o^'^'^'^ (p-expansion of a non-zero polynomial g G 

K[x\. The following conditions are equivalent: 
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(1) g is fi' -minimal. 

(2) dega^ = and li'{g) = yu' {(ii4>^) ■ 

(3) degg = s'{g) deg0. 

Proof. Clearly, conditions (2) and (3) are equivalent. 

Let us show that (1) implies (2). Suppose that g is /i'- minimal; write g = G -\- H , 
where G is the sum of all monomials a^^^ with fi'{as(j)^) = fi'{g) and H is the sum 
of all monomials with /i'(as0'*) > fi'{g). Since ^'{g — G) = fJ.'{H) > fi'{g), we have 
g G. Since g is /i'-minimal, we get degg < degG, and the leading monomial of g 
must be one of the monomials of G. 

On the other hand, by Lemma [2.9^ H^i{a() is a unit in Qr{fi') and cai 1 for 
some c G K[x] with degc < deg0. For each < s < i, since (j) |^ ca^. Lemma [2^91 
shows that ca^ c,, for some Cg G iir[a;] with degc^ < deg0. Hence, eg /, where 
f := (f)^ + ^^Iq '^s4'''^- Since (7 is /x'- minimal, we get deg + ^ deg (p = deg < deg / = 
£deg0; hence, dega^ = 0. 

Conversely, suppose that (3) holds. Consider / G K[x] such that g |^/ /; that is, 
/ ~At' for a certain h G By Lemma [2.61 and Corollary \'2.7\ s'{f) = s'{gh) = 

s'{g) + s'{h), so that degg = s'{g) deg(j) < s'{f) deg(f) < deg f. □ 

As a consequence of the criterion of Lemma 12.101 we may introduce an important 
numerical invariant of an augmented valuation. 

Lemma 2.11. Let g G K[x] be a monic fi' -minimal polynomial. Then, the positive 
rational number C{fi') := fJ^'ig)/ degg does not depend on g. 

Proof. Lemma 12.101 shows that the 0-expansion of g is of the form: 

^ = '^' + En. With /i'(^?)=/i'(0O= 

Since degg = idegcp, we get fJ^'ig)/ degg = deg0. This proves the lemma. □ 

This holds for the minimal valuation fiQ too. In fact, a monic polynomial g is 
/iQ-minimal if and only if it has coefficients in O; hence C(/xo) := /^o(fl')/ deg (7 = is 
independent of g. 

3. MacLane's inductive valuations 
3.1. MacLane chains of valuations. 

Definition 3.1. A valuation /i G V called inductive if yU is attained after a finite 
number of augmentation steps starting with fiQ. 

(4) /io — y /ii — y ■ ■ ■ — y fir-i — y /^r = yu- 

We denote by V™"^ C V the subset of all inductive valuations. 

A chain of augmented valuations as in ^ is called a MacLane chain of length r 
of n if(f)i+i 7^^, 0i for alll<i <r. 

We say that is an optimal MacLane chain of fi if deg (pi < ■ ■ ■ < deg(f)r- 

By Lemma I2.10[ in every chain of augmented valuations we have 
deg 01 I deg02 I ■ ■ ■ I deg 0^-1 I deg0^. 
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The condition 7^^. 0j characterizing a MacLane chain is equivalent to f^. 0j. 
In fact, if 1^. 0i, then deg^j+i = deg0j because deg0j | deg0i+i and deg0i > 
deg0i+i by the /ij-minimahty of (pi+i, hence, (pi by Lemma [T75l 

This shows that an optimal MacLane chain is in particular a MacLane chain. 

In every chain of augmented valuations, the constants C(/ij) introduced in Lemma 
12.111 grow strictly with i: 

= Ciflo) < < ■ ■ ■ < Cifir) = C{fl). 

In fact, by Lemma fl. 101 G KP(yUi) fl KP(yUi+i) for any < i < r. Hence, 

- — - — 7 — 7 (^[fii + - — 7 — > L.{fii ■ 

deg (pi+i deg deg 

Lemma 3.2. /n a MacLane chain, the group r(yUj) is the subgroup ofQ generated by 
r(/ij_i) and Xi, for all 1 < i < r . In particular, 

z = r(/io) c r(/ii) c ■ ■ ■ c r(/i,_i) c r(/i,) = r(/i). 

Moreover, if e(yUj_i)Ai = /ij/cj, with hi, Ci positive coprime integers, then e{fii) = 
eie(/ij_i) and e(0i) = e(/ii_i) = ei ■ ■ ■ ei_i. 

Proof. By Propositions 11.91 and I1.12[ r(/ij) is generated by + Aj and the 

subgroup 

:= {/ii-i(fl') I 9 e fl- 7^ 0, degg < deg^J C r(/ii_i). 

Thus, it suffices to show that F^- = r(yUj_i). Let h = J2o<s'^s{(l>i-iy be the (pi-i- 
expansion of an arbitrary non-zero polynomial. Since G KP(yUj_i), we have 

for a certain s > 0. Since dega^ < deg0j_i < deg^j, the value /ij_i(as) belongs to 
T^.. Hence, it suffices to check that G F^-. If deg0j_i < deg0j, this is 

obvious. Suppose deg0i_i = deg0j, so that = (pi + a, with deg a < deg^j. In a 
MacLane chain, 0, so that = /ij_i(a) G F^- by Lemma [L3l 

Clearly, eiF(/ii) = F( /ij 1) ; thus, e{fii) = eie(/ii_i) = CiCi^i ■ ■ - ei, since e(/io) = 1. 
Finally, by Proposition II. 12^ v{K^_) = F^. = F(/ij_i), so that e(0j) = e(/ii_i). □ 

Corollary 3.3. Let 1 <i <r. For any {s,(3) G Z>o x F(/ij_i), i/iere exists a G /^[a;] 
swc/i i/ifli dega < deg0j and N^-_^^^-{a(j)^) = {(s,/3)}. 

Proof. We get /3 = /ii_i(a0^), by choosing a with /Lij_i(a) = (3 — sjii^i{(j)i) G F(yUj_i). 
This is possible because F(/ij_i) = F,^., as shown in the proof of Lemma [321 □ 

Let us emphasize a stability property of the values of /ij along a MacLane chain. 

Lemma 3.4. For 1 < i <r and g G K[x\, suppose that (pi g. Then, iii-\{g) = 
f^iig) = ■■■ = fi{g). 



Proof. By Proposition II. 91 = Hi{g). If i = r, we are done. If i < r, LemmaHI 

shows that g a for some a G K[x\ with dega < deg^j < deg^j+i. This implies 
that (pij^i g, and the argument may be iterated. □ 
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Lemma 3.5. Consider a chain of augmented valuations: 

, (<t>',\') „ 
jj — > jj, — )■ /i . 

//deg(/) = deg0', then /i" = [/i; (0', A + A')]. 

Proof. Write 0' = + a, with dega < deg0. By the definition of ^' and Lemma [1.31 

/i(a) = /i'(a) > ^i\4>) > /i(0). 

Thus, ~^ (f)', and 0' is a key polynomial for fi, by Lemma 11.51 In order to show 
that fi" = [fi'; (0', A')] = [/i; (0', A + A')], it suffices to check that both augmented 
valuations coincide on 0' and on all polynomials of degree less than deg0'. For any 
b G K[x] with degfe < deg0' = deg0, we have = fi'{b) = fi{b), by the definition 
of the augmented valuations. Finally, 

/i"(0') = /i'(0') + A' = /i'(0) + A' = /i(0) + A + A' = /i(0') + A + A', 

where the equality /i'(0') = Ai'(0) is deduced from Lemma [2.111 (because 0,0' are key 
polynomials for /x'), and the equahty /i(0') = yu(0) is a consequence of ~^ 0'. □ 

Lemma 13.51 shows that every inductive valuation admits optimal MacLane chains. 
Let us now discuss their unicity. 

Lemma 3.6. Let v he an inductive valuation and let fi = [z/; (0, A)], fi' = [u; (0', A')] 
be two augmented valuations of v. Then, fi = fi' if and only if deg0 = deg0', 
/i(0) = /i(0') and A = A'. In this case, we also have 0'. 

Proof. Suppose = fi'. By the definition of an augmented valuation, 

deg0 = min{deg5( | g G K[x], p{g) < fi{g)}, 

so that deg0 = deg0'. By Lemma [1.1 01 0,0' G KP(z/) fl KP(/i); hence. Lemma [2.111 
shows that z/(0) = z/(0') and /i(0) = /i(0')- This implies A = A' too. Also, since 
deg(0 — 0') < deg0. Proposition 11.91 shows that i/(0 — 0') = /i(0 — 0') > /i(0) > i^(0), 
so that 0'. 

Conversely, suppose deg0 = deg0', /i(0) = /i(0') and A = A'. We claim that: 

(5) 5:=;,(0)=;,(0')=;,'(0')=/i'(0). 

In fact. Lemma [2.111 shows that z/(0) = i^(0'), leading to /i(0) = z/(0)+A = z/(0')+A' = 
/i'(0'). Also, if 0' = + a, then, 

/i'(0) = min{;u'(0'), z^(a)} = min{yu(0), z/(a)} = /u(0'). 

This ends the proof of ([HD- Now, for any 0-expansion g = X]o<s ^s4'^, we have 

/i'(^) > min{/i'(a,0')} = min{i/(a,) + s6} = ^i{g). 

By the symmetry of the argument, we deduce that /i = /i'. □ 

Proposition 3.7. Suppose the inductive valuation fi admits an optimal MacLane 
chain as in Consider another optimal MacLane chain 

/iO ^ /^i > ■■■ ^ [Ir'-X ^ /^r' = • 

Then, fi = fi' if and only if r = r' and: 

deg0i = deg0-, /ii(0i) = /ii(0-), Aj = A-, for all 1 < i < r. 
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In this case, we also have fii = fi'^ and (pi ^fj,i_i (pi for all 1 < i < r . 

Proof. The sufficiency of tlie conditions is a consequence of Lemma I3.6[ 
Suppose fJ' = fJ'' and (for instance) r < r'. Let us sliow tliat: 

/ii-i = =^ degcpi = deg(j)'i, fn^cpi) = fiiicp'i), Xi = A-, and /i, = /x-, 

for all 1 < i < r. In fact, by Lemma [3.4[ 

deg^i = min{deg5( | g G K[x], Hi^i{g) < M} = deg^-. 

Write 0- = 0j + a, with dega < deg0j = deg0-. By the optimality of both Maclane 
chains , f^. (f)[ and (f)[_^_-^ (pf, hence, Lemma [3l^ shows that 

= = = min{/i^(09,/ii_i(a)}. 

Hence, fii^cpi) = fi'i{(p'i). Also, = by Lemma [2ini so that = 

fii{(pi) - fii-i{(pi) = fj.'i{(p'i) - = A-. By Lemma [3Jl fii = /x-. 

Since both chains start with /ig, the iteration of this argument leads to fi = fir = fJ'r- 
The inequality r < r' implies /i = < /i', against our assumption. Thus, r = r'. □ 

Hence, in an optimal MacLane chain of fi, the intermediate valuations /ii, . . . , fir-i, 
the positive rational numbers Ai, . . . , A,, and the integers deg^i, . . . , deg^r are intrin- 
sic data of yU, whereas the key polynomials (pi, . . . ,(pr admit different choices. More 
precisely, (p[,...,(p'^ is the family of key polynomials of another optimal MacLane 
chain of fi if and only if 

(p[ = (pi + ai, degOj < deg0i, fii{ai) > Hi{(pi), for all 1 < i < r. 

We also have (pi ^fj.i_^ 0- for all i. Nevertheless, (pi 7^^. (p[ when fii{ai) = fii{(pi). 

Definition 3.8. The MacLane depth of an inductive valuation is the length r of 
any optimal MacLane chain of fi. 

We end this section with several applications of the existence of MacLane chains. 

Proposition 3.9. Let fi be an inductive valuation on K^{x). The restriction of fi to 
K{x) is an inductive valuation with graded algebra isomorphic to Qr{fi). The mapping 
ymd^j^^-j — )• V™'^(-ft') obtained in this way is bijective. 

Proof. Clearly, the restriction of the minimal valuation fiQ on Ky{x) is the minimal 
valuation on K{x). On the other hand. Proposition 13. 71 shows that every fi G Y^'^'^{Kjj) 
admits an optimal MacLane chain whose key polynomials have coefficients in K; 
clearly, the inductive valuation on K{x) determined by this optimal MacLane chain 
is the restriction fi\K{x)- Thus, the restriction of valuations induces a well-defined 
mapping V'"'^(-ft'^) — )■ Y^^'^{K). The statement about the graded algebras is obvious. 

Conversely, an optimal MacLane chain of any fi G Y^^'^{K) may be considered as 
an optimal MacLane chain of an inductive valuation fl on Ky{x). By Proposition 13.71 
applied to both valuations fi and fi, all optimal MacLane chains of fi determine the 
same valuation on K^{x). Therefore, we get a mapping Y^'^'^{K) — t- Y™'^{Ky), which 
is the inverse of the restriction map. □ 

Proposition 3.10. For any inductive valuation fi, the canonical embedding A(/i) 
K{fi) induces an isomorphism between the field of fractions of A{fi) and n{fi). 
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Proof. We must show that the natural morphism Frac(A(/x)) — )■ is onto. An 
element in is the class, modulo the maximal ideal of the valuation, of a fraction 

g/h of polynomials with fi{g/h) = 0. Denote a = fi{g) = fi{h) G r(/i). If there exists 
a polynomial / such that fi{f) = —a, then Hfj_{fg),Hfj,{fh) belong to A(/i) and the 
fraction H ^{f g) / H ^{f h) is sent to the class of g/h hy the above morphism. 

If fj, = fj,o, then a E Z and there exists f E K with /io(/) = — If /i > /io; consider 
a MacLane chain of length r > of /i, and let —a = m/e{^) for some m G Z. 
Since gcd(/ir; e,.) = 1, there exists an integer s > such that m = shy. (mod e^). Let 
u = {m — shr) /cr and take (3 = u/e{fir-i) G r(/ir_i). By Corollary 13. 31 fir-i{a(j)f.) = (3 
for some a G A'[a;] with dega < deg^^. Hence, fi{a(l)f.) = (3 + sXr = —a. □ 

Theorem 3.11. Let /i be an inductive valuation. For every monic g G K[x], we have 
nig)/ degg < C{fi). Equality holds if and only if g is ^-minimal. 

Proof. By induction on the length r of a MacLane chain of /i. For r = 0, the statement 
is obvious because a monic polynomial g has ^^{g) < 0, and g is /iQ-minimal if and 
only if it has coefficients in O. 

Let r > and suppose that Hr-i{g)/ degg < C{fir-i) for all monic polynomials g G 
K[x]. Let g = Yll=oO,s4>r be the ^^-expansion of a monic polynomial g. If we denote 
rrir = deg 4>r, we have degg = deg ai + irrir and ^{g) < fi{ae(j)l) = fir-i{ae) +£mrC{n). 

If dega£ = 0, we have a£ = 1, because g is monic. Hence, fi{g) < imrC{fi) = 
{deg g)C{fi). In this case, equality holds if and only if fi{g) = fi{4>l), which is equiva- 
lent to g being /i-minimal, by Lemma [2.101 

If dega^ > 0, then ae is monic and fir-i{ai)/ dega^ < C(/ir-i) < C{fi), by the 
induction hypothesis. Therefore, 

^{g) fir^i{ai) + imrC{fi) C (fi) {deg + irrir) _ „, . 

yo) — ^ < — oi/ii. 

deg g deg ai + inir deg + trrir 

In this case, the inequality is strict and g is not /^-minimal by Lemma 12.101 □ 

3.2. Numerical data of a MacLane chain. Let us fix an inductive valuation 
equipped with a Maclane chain of length r as in In this section and in sections 
13. 3[ 13. 4[ we attach to this chain several data and operators. 
Take 0o '■= -^o '■= and yU_i := yUo- We denote 

Vi = r(^,) = e(/ii)-^Z, A, = A(/i,), < 2 < r. 

F_i := Fo := Im(F Aq); F, := Im(Ai_i A,), l<i<r. 

By Proposition II. 15^ Fj is a field which may be identified with the residue class 
field F^^ of the extension of determined by 0j; in particular, Fj is a finite extension 
of F. We abuse of language and we identify F with Fq and each field Fj C Aj with its 
image under the canonical map Aj — )■ Aj for j > i. In other words, we consider as 
inclusions the canonical embeddings 

F = Fo C Fi C • ■ ■ C F^. 

To these objects we attach several numerical data. For all < i < r, we define: 

Cj := e(yUj)/e(/ii_i), rrii := deg^j, 

/j_i := [Fj: Fj_i], Wi := /ij_i(0j), Vj := e(/ij_i)wj, 

hi := e(/ij)Aj, Cj := C(/ij) = ;Uj(0j)/ deg0j. 
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Note that Cq = 1, /o = mi, = 0. Lemma [3^2] shows that gcd(/ij,ej) = 1. All these 
data may be expressed in terms of the positive integers 

(7) eo,...,er, /o,...,/r-l, hi,...,hr. 

In fact, the reader may easily check that for all 1 < i < r: 

e(0i) = e(/ii_i) = Co ■ ■ -ei.i, 
/(0,) = [F,:Fo] = /o---/.-i, 
Xi = hi/{eo ■ ■ -Ci), 

rrii = ei_i/i_imi_i = (cq ■ ■ ■ ei_i)(/o ■ ■ ■ 
Wi = ei^ifi-i{wi-i + Ai_i) = J2i<j<i{<^jfj ■ ■ -ej-i/i-OAj, 
Ci = {wi + Xi)/mi. 



(8) 



The recurrence on Wi is deduced from equation ([6]). 

If the MacLane chain is optimal, Proposition 13.71 shows that all these rational 
numbers are intrinsic data of fi. In this case, we refer to them as ei{fi), fi{fi), hi{fi), 
Ai(/i), mi{^), Wi{fi), Vi(/i), Ci{fi), respectively. The positive integers in ^ are then 
called the basic MacLane invariants of /i. 

Clearly, the bijection Y^^'^{K^) — ?■ V™'^(i^') described in Proposition 13.91 preserves 
these invariants. 

3.3. Rational functions attached to a MacLane chain. For every < i < r, we 
consider integers uniquely determined by 

£,h, + £'iei = l, 0<ii<ei. 

We consider several rational functions in K{x) defined in a recursive way. 

Definition 3.12. We take ttq = tti = tt, $o = 0o = 7o = 2; and 

^^ = <P^ (71^)-^% 7. = 7r,+i = m'^{TXiY'% l<i<r. 

By construction, these rational functions may be expressed as 7r"''(0i)"i ■ ■ ■ (0r)"'' 
for adequate integers rij. For i > 1, it is easy to deduce from the definition that: 

(9) vr, = vr"o(0i)"'^---(0^-2)"-K0i-i)''-, 

7i = vr"o(0,)<...(0,_,)<-i(0,)<=v 

By Lemma [3.41 = f^j{4'i) for all 1 < i < j < r. Hence, (Q shows that 

(10) = /ii(7i) = /ij(7i), /ii(7ri+i) = ^j(7ri+i), 1 < i < j < r. 
Let us compute these stable values. 

Lemma 3.13. For every index < i < r, we have 

(1) fii^TTi) = l/e(/ii_i), /ii(7ri+i) = l/e(/ii). 

(2) fii_i{^i) = 0, iJi{^i) = Xi. 

(3) /i.(7.) = 0. 

Note that TTj+i G K{x)* is a uniformizer of fii. 
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Proof. We prove items 1, 2 by induction on i. For i = the statements are obvious. 
Suppose that i > and (1), (2) hold for a lower index. The identity fj,i{'ni) = 
/ij_i(7rj) = l/e(/ii_i) is a consequence of (fTOl) . 

= - Ki/e(;Ui_i) = Wi - Wi = 0. 

= - Vi/e{fii-i) = Wi + \i - Wi = Xi. 

/ii(7ri+i) = iiXi + £-/e(/ij_i) = l/e(/ii). 

The third item follows from the first two items. □ 

By Lemma \2.9\ the element H^.{(l)k) is a unit in Qr{^i) for dX\k < i <r. Hence, 
by using ([9]), it makes sense to define, for all < i < r: 

x,i := H,X^;) := H.X-'^r^H.X^t^iT' " ■ ■ H H E ^r(^,). 

All factors of Xi except for are units in Qr{fii). Hence, these two elements 

generate the same ideal in Qr{^i). Let us emphasize this observation. 

Lemma 3.14. For < i < r, the elements Xi and H^-{(j)i) are associate in Qr{fii).n 

Also, for < i < r we define: 

Zi G Fj+i, the image of i/i under A,; — y Aj+i, 
ipi G Fj[?/], minimal polynomial of Zi over Fj. 

By Proposition Ker(A, ^ A,+i) = TZ^M+i) = H^X'P^+l)Q'r{^li) n A^. For 
z > 0, 1^,. (pi implies that H^-{(f)i) has non-zero image in Qr{^i+i). Therefore, 
Zi ^ for z > 0, by Lemma 13.141 In particular, ipi ^ y for all z > 0. For z = we 
have zq = Q (and ipQ = y) if and only if 0i x, or equivalently, = x in F[x]. We 
shall see in Corollary 14.91 that 

Fi+i = ¥i[zi] = ¥o[zo, ...,Zi], degi^i = fi. 

3.4. Operators attached to a MacLane chain. We consider Newton polygon 
operators 

and residual polynomial operators: 

Ri,a- Vaif^i) — >¥i[y], 0<i<r, aeVi, 
Ri-. K[x]^¥,[y], 0<z<r. 

The residual polynomial operators are defined by a recurrent formula involving certain 
constants ei{a) G Let us first define these constants. 

Given < z < r and a G Fj, consider integers s{a), u{a) uniquely determined by 

(u(a)/e(/ij_i)) + s{a)Xi = a, < s{a) < Ci, 

or equivalently, 

(11) u{a)ei + s{a)hi = e{^i)a, < s{a) < Ci. 



20 



FERNANDEZ, GUARDIA, MONTES, AND NART 




These integers s{a), u{a) depend on i, or more precisely on the group Fj. Note 
that s(l/e(/ij)) = ii, u{l/e{fii)) = i[, are the integers satisfying the Bezout identity 
iihi + i[ei = 1, considered in section [X^ 

Definition 3.15. For < i < r and a G Fj, we define 

where s{a), u{a) are the integers uniquely determined by HI]) . 

Note that ei(0) = 1 for all < i < r . For i = 0, we get eo(«) = (zq)'^ for all a G Z. 
We convene that eo(«) = 1, even in the case zq = 0. 

Definition 3.16. For < i < r, a G Fj, and g = X]o<s (pi- expansion of 
g G VaifJ'i), we define: 



^(|/)/7r"GFoM, «/« = 0, 

Y.o<j^i-Mi) Ri-i,aM^3)^^i~^)y^ G ¥i[y], ifi > 0, 
where Sj := s(a) + jci and aj := a — Sj{wi + Aj) G Fj_i. 



Let us explain the meaning of the data Sj, aj involved in the computation of the 
j-th coefficient of Ri^a{g) (see Figure [5]). 

For 1 < i < r, let Cj = (Zi>o) x Fj_i C be the set of points of the plane that 
may be vertexs of Ni{g) for some g G K[x]. 

Let La be the line of slope — Aj cutting the vertical axis at the point {0,a). The 
point Pq = M(a;)/e(yU.j„i)) lies on Cj fl and it is the point with least abscissa 

in this set. Actually, the points on Cj fl may be parameterized as: 

Pj = {s{a)+jei, {u{a) - jhi)/e{fii.i)), j G Z>o. 

We may write Pj = {sj,Uj/e{fii-i)), with Sj = s{a) + jCi, Uj = u{a) — jhi G Z. 
Also, since Uj/e{fii-i) and Wi (by definition) belong to Fj_i, we may consider 



aj = Uj/e(/ii_i) - SjWi = a - Sj{Xi + Wi) G Fi_ 



Let g = J2o<s^s(t>i be the 0j-expansion of a polynomial g G Va{l^i)- Denote 
Qs := (s, /ij_i(as0f)) G Cj, so that {Qs | < s} is the cloud of points whose lower 
convex hull is Ni{g). By Lemma [2.31 all Qs lie on or above the line L^, and Qs lies 
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Figure 6. Newton polygon of g G K[x] with fii{g) = a 



u{a) / e{pLi^i) 




L. 



'a 







on La if and only if ^i^agipi) 



a. Hence, 




fiiittscpi) > a, 

^i{as(t>l) = a if and only if yUj-i(as) = aj. 



The monomials of Ri^aio) are in 1-1 correspondence with the points of Cj PiLq,. We 
shall see in Corollary 14.41 that the j-th coefficient of Ri^aid) is non-zero if and only if 
Qsj = Pj. Let us now check that the j'-th coefficient vanishes if Qg^ lies above L^- 

Lemma 3.17. For all < i < r , a & Fj, the operator Ri ^ vanishes on V^ifJ'i)- 

Proof. We proceed by induction on i. For i = the statement is clear. Assume i > 
and consider the 0i-expansion g = J2o<s^s(pi of a polynomial g with fii{g) > a. By 
f|T2l) . fii_i{as-) > aj for all j > 0; hence, by the induction hypothesis, all -Rj-i,^^ (^s^) 
vanish (as polynomials in Fj_i[|/]) and all coefficients of Ri^aio) vanish too. □ 

Take g as above with fii{g) = a, and let s{g) = s^. ((7) < ^'(^f) = s'^^{g) be the 
abscissas of the end points of the Aj-component of g (Definition 12.51) . These end 
points belong to Cj HLq,, so that s{g) = for jo = {s{g) — s{a))/ei = [s{g)/ei\, and 
Sjo+d, where d — {s'{g) — s{g))/ei is called the degree of the segment Sx-. 

By Lemma [3. 171 the non-zero coefficients of Ri^a{g) correspond to abscissas Sj with 
jo < j ^ 3o + d (see Figure E]). Hence, we may define the residual polynomial operator 
Ri : K[x\ — 7- ¥i[y\ as follows. 

Definition 3.18. For g G K[x\, (? 7^ 0, let a = fii{g). We define Ro{g) = Ro^aig) = 
g{y)/TT°' G Fo[?/]. For 1 < i < r , we define 



where jo = [s{g)/ei\ . We convene that Ri{0) = for all < i < r . 

For any 1 < i < r and any abscissa s > 0, Ni{(f)'l) is the point {s,swi) and 
a := = s{wi + Aj). Let j = [s/cjj = (s — s(a))/ej. With the above notation, 

s = Sj and aj = 0. Since ei_i(0) = 1 = _R.j_i^o(l)) we have 



Corollary 14.41 below shows that Ri{g) has always degree d and Ri{g){0) 7^ 0. Also, 
Corollary 15.61 shows that -Rj(0j+i) = ipi for all < i < r. 



(13) 



RiA^t) = y 



Rm = 1 



I < i < r. 
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4. Structure of the graded algebra of an inductive valuation 

In this section, we fix an inductive valuation /i equipped with a MacLane chain of 
length r, and we denote A = A(yu). We shall freely use all data and operators of the 
MacLane chain described in section [3l 

The main property of the residual polynomial operators is reflected in Theorem 14. 21 
We shall derive from this result some more properties of the residual polynomials, their 
link with the residual ideals, and the structure of the graded algebra of fi. 

Lemma 4.1. For < z < r, a G r, and a non-zero g G K[x], consider 

I \ s(oL) uici) I \ s(g) u(g) 

where s{a), u{a) are defined in ( fli]) . {s{g),u{g)/e{fii-^i)) is the left end point of 
S\i{9)j if i > (see Figure\^, and s{g) = 0, u{g) = fi{g), if i = 0. These homo- 
geneous elements in Qr{fj,i) have degree degipi{a) = a, degipi{g) = fii{g). Moreover, 
(pi{gh) = ipi{g)ipi{h) for any pair of non-zero polynomials g,h E K[x]. 

Proof. The equalities /ij (^^f'^^'^'i'^'^^^ = «, fJ^i (^^f^^'^^i'^^^^ = /^t(fl') are a consequence 
of Lemma 13.131 Corollary 12.71 shows that ipAgh) = cg,(q)cg,(/i). □ 

Theorem 4.2. Let g G K[x] be a non-zero polynomial and let a = fi{g). Then, 

In particular, 'Pa{t^)/'P^{^) = A is a free A-module of rank one. 

Proof. Let g = J2o<s '^s4'r be the 0r-expansion of g, and consider the set of indices 
/ = {s > I ii{as(f)f.) = a}. Since g ~^ J2sei^s(pr, we have Hf,{g) = J2sei ^f^(^s4>r) 
by equation ([1]). 

Let us prove by induction on r the identity 

(14) H^{g) = ipr{a)Rr,a{9){yr)■ 
li r = 0, we have 0o = x, cq = 1, s{a) = and ipo{a) = H^^i^n)"'. For all s G /, we 

have fJ.o{as) = fio{asX'^) = a; thus, bg := OsTt"" has /io(&s) = 0, and 

Hf,g{asx') = ipo{a)H^^-,{bs)yo = y?o(a)&sl/o) 

the last equality by the identification of F with the subfield Fq C Aq. This proves 
( IT^ in this case. 

Let now i > and suppose that IHM is true for all inductive valuations equipped 
with a MacLane chain of length less than r. By f ll2p . s G / if and only if s = Sj and 
lir-iittsj) = Oij for some j > 0. Thus, ffT^ is equivalent to 

Hf,{as^(f)p) = ipr{a)er-i{aj)Rr-i,a,{asj){zr-i)yi, 
for all j > such that ^r-iio-sj) = o^j. Since 

(15) ipria) yi = yi = x'.^'^^+^'yf''^-^^^ = x^^p^ 
our aim is equivalent to showing that ^r-i{0'Sj) = otj implies: 

(16) H^{as^(f)'^') = x'^'p'^'er-i{aj)Rr-i,a,{as^){zr-i). 
By the induction hypothesis, if fir-i{cisj) = «j we have 

(17) Hi,^^^{as^) = (fr-l{aj)Rr-l,a,{asj){yr-l)- 
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Since degag. < deg^^, we have /u(asj = fir-i{cLsj)- Also, (fTOjl implies that 
= fJ^r-ii^r-i), fJ'i'^r-i) = /^r-i (^Tr-i) • Hence, if we apply the canonical ho- 
momorphism Qr{^r-i) Gr{^) to the identity f|T71) . we get 

Therefore, (fT6l) is equivalent to 

and this is a consequence of an identity between the involved rational functions which 
is proved in Lemma [4.31 below. 

Finally, equality (ITS!) applied to j = jo = {s{g) — s{a))/er = [s{g)/er\ yields 

V5r(a) 2/^^° = 'frig)- Hence, V5r(a)^r,a(5')(l/r) = (Pri9)Rri9)iyr)- □ 

Lemma 4.3. With the above notation, take i > 1, j > 0. Then, 
where aj is considered as an element in Ti^i. 

Proof. Denote for simplicity s = Sj, u = Uj, s = s{aj), u = u{aj), i = ii-i, i' = 

e = ej_i, / = The following identities are derived from the definitions of 7i_i, 

TTj, $j and the Bezout identity ih + i'e = 1. 

In the last but one equality we used the identity u — sVi = ue + sh, which is derived 
from u/e{fii-i) — swi = aj = u/e{fii-2) + sAj_i by multiplying by e(/ii_i). □ 

Corollary 4.4. Let 1 < i < r and consider g G Va{f^i), g ^ 0- 

(1) Ri^a{g){yi) =0 if and only if Ri^a{g) = if and only if g e (/ij). 

(2) The j-th coefficient of Rt^aid) is non-zero if and only «/yUj_i(asJ = cy.j, or 
equivalently , the point Qs^ lies on La (see Figure\^. 

(3) degRi^aig) = [s'ig)/ei\ and OTdyiRi^M) = [s{g)/ei\. 

(4) degR^ig) = (s'ig) - sig))/e, and R^igM ^ 0. 

Proof. By Lemma [3.17\ Ri^a{g) = if G "P^ (/Uj). If fii{g) = a, Theorem 14.21 shows 
that Ri^a{g){yi) 7^ as an element in Qr{ni); thus, Ri^aig) 7^ 0. This proves item 1. 

By Lemma [3.17[ the j-th coefficient of Ri^a{g) vanishes if /ii_i(asj) > oij- On the 
other hand, Ri-i,aj{.o.s^){zi^i) 7^ if fii-i{as-) = aj, by equation ffTSjl . This proves 
item 2. Items 3 and 4 are a consequence of item 2. □ 

Corollary 4.5. For non-zero g,h & K[x], the following conditions are equivalent: 

(1) 9 ~M h. 

(2) fi{g) = fi{h) and Rr,a{g) = Rr,a{h) for a = fi{g). 

(3) SxM = SxAh) and Rr{g) = Rr{h). 

Proof. Conditions (1) and (2) are equivalent by Theorem 14.21 and Corollary 14.41 Con- 
ditions (2) and (3) are equivalent by Corollary 14.41 □ 

Corollary 4.6. For any non-zero g G K[x], let a = ^{g). Then, 

nig) = yl'^-^/^^^RrA9)iyr)A = yl<^^I^^^Rr{g){yr)^. 
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Proof. By Theorem S^l H^{g) = a;'^"Vr^°^^r,a(^)(2/r)- If s{a) = 0, then 7^(c/) = 
if^((yf)^r(/i) n A = i?r,a(5')(l/r)^5 because is a unit. If s{a) > 0, then [s(a)/er] = 1 
and equation (fTTl) shows that 

s{—a) = Cr — s{a), u{—a) = —h^ — u{a). 

A polynomial h G K[x\ satisfies H^{gh) G A if and only if ix{h) = —a; in this case, 

H^{h) = Xr'-'^^Vr '''■""^''^i?r,-a(/i)(z/r), by Theorem |01 Hence, 

T^ig) = {yrRrA9){yr)Rr-a{h){yr) \ fi{h) = -a} C ^^./^^.^(fi') (Z/r) A. 

On the other hand, p^'*'' = yrRr,a{g){yr), so that yrRr,a{g){yr) belongs 

to Tl{g), and n{g) = yrRr,a{9){yr)^- 

Finally, yl'^''^''^^ RrA9){yr) = yl'^'^''^^ Rr{g){yr), by (3) of CoroUarygai □ 

Corollary 4.7. Let < i < r and a G Fj. 

(1) Ri,ai9 + h) = Ri^aig) + RiA^) for all g,he VaifJ^i)- 

(2) Ifl3e Fj_i, then Ri,a+(}{gh) = Ri,a{g)Ri,i3{h) for all g G Va{fii), h G V/si^i)- 

(3) Riigh) = Riig)Ri{h) for all g,he K[x]. 

Proof. For i = the identities are easy to check. If i > 0, equation ([T]), Theorem 14. 2 [ 
and item 1 of Corollary 14.41 show that: 

(fi{a)RiAg + h) = ipi{a)RiAg) + ipi{a)RiAh), for g,he VaifJ^i)- 

ipi{a + (5)Ri^a+i3{gh) = ipi{a)RiAg)ifi{(5)RiAh), for g G h G V^{fj.i). 

iPi{gh)Ri{gh) = ipi{g)Ri{g)(pi{h)Ri{h) , for g,he K[x]. 

The first equality proves item 1. The second equality proves item 2 because s{(3) = 0, 
and this leads to s{a + (3) = s{a), u{a + (3) = u{a) +u{f3). By Lemma WH the third 
equality proves item 3. □ 

By Corollary 14.41 induces an injective mapping Rr^a- 'T^ailA I'^ailA — ^ ^^Ay]- 

Theorem 4.8. The mapping Rr^'- A — y ¥r[y] is an isomorphism of¥r-algebras and 
{Rrfi)~^ : ¥r[y] — > A is the ¥r-map determined by y yr. In particular, the element 
yr & A is transcendental overFr and A = F,.[?/r]- 

Proof. By Corollaries 14.41 and 14. 7^ i?r,o is an injective ring homomorphism. Let us 
check that its restriction to C A is the identity. 

For r = 0, an element ^ G Fq is of the form ^ = H^g{a) for some a G O*. By 
definition, -Ro,o(0 = Rofii^') = a = H^^^{a) = ^, modulo the identification F = Fq. 

For r > 0, Proposition 11.91 and Lemma [2.91 show that an element ^ G F* is of the 
form ^ = H^{a) for some a G K[x\ such that dega < deg^r and /ir_i(a) = /i(a) = 0. 
The Newton polygon Nr{a) is the single point (0, 0) and Rrfi{a) G F* is a degree zero 
polynomial. By Theorem 14.21 ^ = H^{a) = Rrfl{a) = i?r,o(0- 

By Corollary 13.31 there exists a G K[x] such that g = acj)^!' has Newton polygon 
Nr{g) = {{cr, —CrXr)}- Heucc, fi{g) = and Rr,o{g) = for some e G F* (by 
Corollary 14.41) . Therefore, i?r-,o is an onto map. 

The statement about {Rrfi)~^ is a consequence of Theorem 14.21 and (pr{0) = 1- D 

Corollary 4.9. For allO <i < r, Fj+i = Fj^j] = Fo[-2o, • • • , ^j] and degipi = fi. □ 
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By Proposition 13.101 and Theorem I4.8[ we get an isomorphism ~ ^riv)- In 
particular, k{^Y^^ ^ and the next result follows. 

Corollary 4.10. For an inductive valuation fi, the field n{^Y^^ is a finite extension 
of¥ and K{fi) ~ K{fj,y^^ (y) , where y is an indeterminate. □ 

Corollary 4.11. The mapping Rtm- T^a^l^) /V^i^ii) — )■ Fr[?/] is bijective. 

Proof. By Corollary 14.41 Rr,a is injective. Let us show that it is onto. For any 
non-zero polynomial ijj G Fr[|/], the element ip{yr) ^ A is non-zero by Theorem 14. 8 j 
hence, ipr{c()4'{yr) = H^[g) for some g G K[x\ with n{g) = a. By Theorem 14. 2[ 
Rr,a{g){yr) = i^iVr), and this implies Rr,a{g) = i^, by Theorem 14.81 □ 

Corollary 4.12. Let ip G ¥r[y] be a monic polynomial of degre f such that ip{0) ^ 0. 
Then, for any a G there exists g G K[x] monic such that degg = Crfrrir, 

^{g) = CrfiWr + Xr) dlT'd Rrio) = ■ 

Proof. Denote a := Crfiwr + A,). By Corollary 14.111 there exists go G K[x] with 
/i((7o) = and Rr,a{go) = — ■ By dropping all terms with abscissa s > Crf from 
the 0r-expansion of go, we may assume that deggo < Crfrrir. Then, g = ^^""-^ + go 
satisfies what we want. In fact, deg(5'), ^{g) are the right ones, and Rr^a{g) = 
Rr,a{4>r'^) + Rr^aigo) = V') first item of Corollary 14.71 and equation f lT3|) . Since 

RrAgM = ^(0) ^ 0, we have Rr,a{g) = Rr{g)- □ 

Corollary I4.12l is crucial for the computational applications of inductive valuations. 
It yields a routine for the construction of key polynomials with prescribed residual 
ideal. 

Theorem 4.13. We get an isomorphism of graded ¥r-algebras 
Gr{fx) = </'r(a)A ~ ¥r[y,p,p'^][x], 

where y,p are indeterminates and x is an algebraic element satisfying x^'' = p^'^y. As 
elements in the graded algebra, these elements are homogeneous of degree degy = 0, 
degp = l/e{nr-i), degx = Xr . 

Proof. By sending y yr, p ^ Pr, x ^ Xr, we get an onto F^-homomorphism 
Fr[?/,p,p~^][x] -» Gr{fi), of graded algebras. In order to show that it is an isomor- 
phism we need only to check that yr,Pr are algebraically independent over F,., and 
the algebraic equation of Xr over ¥r[y,p,p~^] has minimal degree. 

Let us prove that the family S := {yj^p" | m G Z>o, n G Z} is linearly independent 
over ¥r. We may group these elements by its degree: 

S = M E,, E„ = {ylTpf'^^-^^'^ I m G Z>o}. 

The families Sq, are all F^-linearly independent because yr is transcendental over 
F^. Therefore, S is also F^-linearly independent because a linear combination of its 
elements vanishes if and only if each homogeneous component vanishes. 

The minimality of the equation x^'' = p^'^yr is a consequence of gcd(/ir, Cr) = 1. □ 

Corollary 4.14. Let ip G ¥r[y] such that 7^ 0. Then, ipiUr) E A is a prime 
element in Qr{^) if and only if ip is irreducible in ¥r[y]. 
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Proof. If ipivr) is a prime element in Qr{fi), then it is a prime element in A and 
Theorem 14.81 shows that ip is irreducible. 

Conversely, if ip is irreducible, consider F' = ¥r[y]/{ip) and denote by 2; G F' the class 
of y. By Theorem I4.13[ Qr{^) / ip{yr)Qr{^) ~ F'[p,p~^][x], where p is an indeterminate 
and X satisfies x*^'" = p^^z. Since '?/'(0) 7^ 0, we have 2; 7^ and F'[p, [x] is an integral 
domain. Hence, ip{yr)Qi^{f^) is a prime ideal. □ 

5. Canonical decomposition of the set of key polynomials 

Let /i be an inductive valuation and denote A = A(yu). In this section we want to 
study the fibers of the mapping: 

7^: KP(/i) — > Max(A), (j) ^ 7^((/>) = Ker(A ^ F^). 

That is, we want to describe the partition: 

KP(/.) = U^^^,,(^^ KP(/x)^, KP(/x)^ := {0 G KP(/i) | 7^(0) = £} . 

It is hard to analyze these subsets from a purely abstract perspective. Thus, we 
suppose that fi is equipped with a fixed MacLane chain of length r. We shall freely 
use all data and operators of the MacLane chain described in section [3l 

Also, for a non-zero g G K[x] we denote by s{g) = s^{g) < s'{g) = s'^{g) the 
abscissas of the end points of the A^-component of g (cf. Definition 12.51) . 

5.1. Further properties of key polynomials. Let us first obtain criterions for 
/i-irreducibility and for being a key polynomial, in terms of ^^-expansions. 

Lemma 5.1. A polynomial g G K[x] is ^-irreducible if and only if either: 

• H^[g) and H^{(j)r) are associate elements in Qr{fi), or 

• s{g) = and Rr{g) is irreducible in ¥r[y]. 
The first condition is equivalent to s{g) = s'{g) = 1. 

Proof. By Lemma[3]TU Xr is associate in Gr{fi) to the prime element Hn{(j)r)- On the 
other hand, H^{g) = Xr^^^ pr^^^ Rr{g){yr) , by Theorem 14. 2[ Since Pr is a unit, H^^{g) is 
a prime element if and only if either: 

• s{g) = 1 and Rr{g){yr) is a unit, or 

• s{g) = and Rr{g){yr) is a prime element. 

By Theorem 14. 8[ the first condition is equivalent to s{g) = 1 and deg Rr{g) = 0, 
which is equivalent to s{g) = s'{g) = 1, by Corollary 14. 4[ Also, this holds if and 
only if H^{g) and H^{(j)r) are associate. By Corollary 14.141 the second condition is 
equivalent to = and Rr{g) irreducible in ¥r[y]. □ 

Definition 5.2. For a non-zero g G K[x], we say that N^^^{g) is one-sided of slope 

-A ifN^^^ig) = S^{g), s{g) = and s'{g) > 0. 

Lemma 5.3. A monic polynomial g G K[x] belongs to KP(/i) if and only if either: 

(1) degg = rrir and g ~^ 0^,, or 

(2) s{g) = 0, degg = s'{g)m^ and Rr{g) is irreducible in ¥r[y]. 

In the last case, degg = er{deg Rr{g))mr, Nr{g) is one-sided of slope —K, and 
Rr{g) G ¥r[y] is monic. 
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Proof. A polynomial g satisfying (1) is a key polynomial by Lemma [T31 A polynomial 
g satisfying (2) is a key polynomial by the criteria of Lemmas 12.101 and 15. 1[ 

Conversely, suppose g is a. key polynomial. By Lemma [2.101 degg = s'{g)mr. By 
Lemma [5.11 either s{g) = s'{g) = 1, or s{g) = and Rr{g) is irreducible. 

In the first case, we have degg = rrir and the component Sx^{g) is a single point 
with abscissa s = 1. This implies that g = (j)r + a with dega < and /i(a) > /i(0r), 
by Lemma [2.31 Thus, g satisfies (1). 

In the second case, g satisfies (2), which clearly implies Nr{g) = S\^{g). By Corol- 
lary l4.4[ s'{g) = Cr deg Rr{g). Hence, Nr{g) is one-sided of slope —A,.. The polynomial 
Rr{g) is monic by equation f[T3l) and item 1 of Corollary 14. 7[ □ 

The next result is a consequence of Theorem 14. 2^ Corollary 14.61 and Lemma 15.31 

Corollary 5.4. For any cf) G KP(yu), we have: 

Corollary 5.5. For (p G KP(/i), take ip = Rr{4>), if <t> 7^/^ 0r; and ip = y, if (p (pr- 
Then, under the isomorphism A ~ Fr[|/] determined by Rrfi, the maximal ideal TZlcp) 
is mapped to ip¥r[y]. Thus, F<^ ~ ^^[y]/ ('0) and f{(p) = fo - ■ ■ fr~i degip- □ 

Corollary 5.6. For all < i < r , 

(1) Ni{(pi+i) is one-sided of slope — Aj. 

(2) =ipi, the minimal polynomial of Zi overFi. 

Proof. The polynomial 0j+i is a key polynomial for /i, and 0j+i 7^^. (pi. Hence, it 
satifies (2) of Lemma [5.31 This proves item 1. 

By Corollary 15.41 is associate to Ri{<pi+i){yi) in Qr{fii); hence, its image 

under the canonical homomorphism Qr{fii) — )■ ^r(/ij+i) is associate to Ri{(pi+i){zi) in 
Qr{iii+i). This implies that Ri{(pi^i){zi) = because if^.(0j+i) belongs to the kernel 
of Qr{fii) — )■ ^r(yUj+i), by Proposition 11.91 Since Ri{(f)i+i) is monic and irreducible 
(Lemma 15. 4p . we have i?j(</)j+i) = ipi. □ 

5.2. Analysis of the mapping KP(yu) — )■ Max(A). 

Proposition 5.7. Let (p,(p' G KP(/i). The following conditions are equivalent: 

(1) 7^(0) = 7^(0')• 

(2) Rr[cP) = Rr[cl>'). 

(3) ~M 0'. 

(4) H^{(p) and H^{(p') are associate in Gr{fi). 

(5) U 0'- 

Proof. By equation f[T^ and Lemma [575| Rr(<p) = 1 if ~^ 0r, and Rr{(p) is monic, 
irreducible, and different from ?/ (because i?r(0)(O) 7^ 0)) otherwise. Therefore, Corol- 
lary 15.41 and Theorem 14.81 show that (1), (2) and (3) are equivalent. Clearly, (3) 
implies (4), and (4) implies (5). Finally, (5) imphes 7^(0') C 7?.(0), and this implies 
(1), because TZ{4>') is a maximal ideal. □ 

The analysis of the key polynomials provided by the use of a MacLane chain yields 
an intrinsic description of the mapping TZ: KP(yu) Max(A). 
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Theorem 5.8. Let n be an inductive valuation. The mapping TZ: KP(/i) — i- Max(A) 
induces a bijection between KP(yu)/ ~^ and Max(A). 

Proof. By Proposition 15.71 for any C G Max(A), the fiber KP{n)c is either empty 
or it is one of the classes of the equivalence relation ~^ on the set KP(/x). Thus, TZ 
induces an injective mapping KP(/i)/ ~^ — > Max(A). 

Let us show that the residual ideal mapping TZ is onto. A maximal ideal C in 
A corresponds to a monic irreducible polynomial ip G Fr[?/], under the isomorphism 
A ~ ¥r[y] of Theorem IMI If = y, then £ = 7^(0^), by Corollary [Ml If 1/, 
then there exists a monic polynomial G K[x] of degree deg0 = er{degil!)mr such 
that Rr{4>) = ip) by item 2 of Corollary 14.121 As a general fact, deg0 > s'{(f))mj.. By 
Corollary 14.41 — = Cr degip; thus: 

deg(f) > s'{(j))mr > — s(0))mj. = er{degilj)mr = degcj). 

Hence, = and deg0 = s'{(j))mr- Therefore, satisfies condition (2) of Lemma 
15.31 and it is a key polynomial for fi. By Corollary 15.41 7^(0) = ip{yj)/S. = C □ 

Corollary 5.9. Let V C KP(/i) be a set of representatives of key polynomials under 
^-equivalence. Then, the set HV = {H^{(j)) \ G V} is a system of representatives of 
homogeneous prime elements of Qr{fi) up to associates in the algebra. Moreover, up 
to units in Qr{fi), for any non-zero g G K[x], there is a unique factorization: 

(19) g Yl^^^ = oid^^^ig). 

Proof. All elements in HV are homogeneous prime elements by the definition of /i- 
irreducibility, and they are pairwise non-associate by Proposition 15. 7[ By Lemma [3?T| 
every homogeneous prime element is associate either to H^{(j)r) or to ^/'(yr-) for some 
irreducible polynomial ip G Fr[?/]. The proof of Theorem 15.81 and Corollary 15.41 show 
that ip{yr) is associate to an element in HV. Finally, every homogeneous element in 
Qr{fi) is a product of homogeneous prime elements, by Theorem 14.21 and Corollary 
I4.14[ This implies the unique factorization f|T9|) . □ 

5.3. Proper and strong key polynomials. Theorems 15.81 and 14.81 yield bijections 

KP(/i)/~^ Max(A) P(F,,), 

where P(F.r) denotes the set of monic irreducible polynomials with coefficients in F^. 
The first bijection is canonical, but the second one depends, in principle, on the choice 
of a MacLane chain of /i. 

The class of 0^ is mapped to y G P(Fj.) under the composition of the above bi- 
jections, and it has special properties when the prime ideal XrQr{fi) is ramified over 
the subalgebra A[pr,p~^]. In this section we analyze to what extent the bijection 
KP(/i)/~^ — y F(¥r) depends on the chosen MacLane chain for /i, and the distin- 
guished "bad" class is intrinsic. 

Recall that the numerical data attached to any optimal MacLane chain of n are 
intrinsic data of ^, denoted ei(/i), hi{fi), mi{fi), Wi{^), Ai(/i), Cj(/i) (cf. section 

13. 2p . We may formulate two different intrinsic distinctions between key polynomials, 
according to their degree. 

Definition 5.10. Let fi be an inductive valuation of depth r, and let G KP(/i). 
We say that (p is a proper key polynomial for ^ if degcp is a multiple of er{fi)mj.{fi) . 
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We say that g & K[x] is //-proper if (p \f_i g for all improper key polynomials 0. 
We say that cf) is a strong key polynomial for fi if r = or deg0 > mr{fi). 
We denote KP(/i)P'', KP(/i)'^*'' the sets of proper and strong key polynomials for /i, 
respectively. 

By Lemma EH KP{fiY^' C KP(/i)P'' C KP(/i). If e,.(/i) = 1, all key polynomials 
are proper and all polynomials are //-proper. If er(/t) > 1, there is a single improper 
/t-equivalence class of key polynomials, distinguished by the property deg0 = mr(/i); 
all other key polynomials are proper and strong. Note that KP{fiQY^^ = KP(/to). 

In every MacLane chain, all 0, are proper key polynomials for /tj_i, by Lemma [5.31 

Lemma 5.11. Suppose that in the given MacLane chain of fi, we replace (pr by 
(j)'^ = (j)r + a for some a G K[x\ such that dega < and fi{a) > fi{(f)r)- For 
some a G r(/i), denote by R'^.^ the residual polynomial operator attached to the new 
MacLane chain of fi obtained in this way. 

(1) ~^ (pr, then R'^„ = Rr,a- 

(2) We may choose a such that 0^ 0^ if and only if = 1. For such a choice, 
K,a{9){y) = RrA9){y - V) for all g G 'Pa(/i), where rj = Rr{a) G F^. 

Proof. For any g = J2o<s 0's4'l ^ 'PaifJ'), each term 0^0^ belongs to Vai^lj) and 

'0<s »0<s 

by Corollary 14. 7[ Hence, it is sufficient to compare the action of both operators on 
polynomials of the form g = hcpl with degfe < deg0,. and /i((/) = a. On the other 
hand, if /3 = /t(6) = Hr-iip) and 7 = a — /3 = /i(0r), Corollary 14. 71 shows that 

Since Rr^pih) = er_i(/3)-R.r-i,/3(&)(^r-i) = FL'r fi^b) G F*, we need only to compare 

Rr,M) with i?;,^(0?). 

If 0; ~^ 0^, then CoroUarySSland equation ^ show that R'^A<p^) = ^,^((0^)') = 
yls/er\ — This proves item 1. 

If Cr > 1, then \r ^ Tr-l and /t(0r) = /fr--l(0r) + Xr ^ Tr-l- HeUCC, /t(0r-) 7^ 

/i(a) = /tr-i(a) for any a G K[x] with dega < deg0r; thus, 0^ 0^. If e,. = 1, then 
r(/i) = Tr-i, and the proof of Lemma [3^ shows that /t(0r) = /i(a) for some a G i^'[a;] 
with dega < deg0r. 

Finally, suppose that = 1 and 0^ 0^. By Corollary 14. 7[ -R^,^(0^.) = R'j.g{(l)rY, 
where 5 = fi{4>r)- Since Rr^cpl) = y'^, we need only to show that R'^ si'Pr) = y — Rr{,o). 
In fact. 

Since /i(a) = /i(0r) = 5, Corollary 14.41 shows that Rr,5{a) = Rr{a) G F*. □ 

Therefore, in the case er(/i) > 1, the improper class of key polynomials always 
corresponds to |/ G P(Fr). In the case er(/i) = 1, we have 0^ f-)- y, but an adequate 
choice of the MacLane chain changes the 1-1 correspondence via %l){y) 'il){y — rf) in 
P(Fj.), for a certain rj G F*. Thus, in this case, for any given G KP(/i), we may 
always find a MacLane chain for /i such that 7^^ 0.^. 

Lemma 5.12. For non-zero g, h G Kfx] with g ^-proper, we haveTZ{gh) = TZ{g)TZ{h). 



30 FERNANDEZ, GUARDIA, MONTES, AND NART 

Proof. Denote e = er(/i). By Corollary 14.61 and Theorem 14. 8[ lZ{gh) = lZ{g)lZ{h) is 
equivalent to the following equality, up to factors in F*: 



By Lemma 12.61 s{gh) = s{g) + s{h), and by Corollary 14.71 Rr{gh) = Rr{g)Rr{h). 
Thus, we want to show that 

(20) Mg) + s{h))/e] = \s{g)/e] + \s{h)/e]. 

If e = 1 this equality is obvious. If e > 1, we have Xr f H^{g), because g is /i-proper. 
By Theorem 14.21 xf-^^ \ H^{g), so that s{g) = and fl20l) is obvious too. □ 

Proposition 5.13. Let G KP(/i) and C = 'JZ{<f))- For any non-zero g G 

ord^,0(fi'), if 4> is proper, 

[ord^,<^(5f)/e,.(/i)] , if (p is improper. 

where oidciTZig)) is the largest non-negative integer n such that | TZ{g). 



OTdc{n{g)) 



Proof. Denote = ord^^tp^g): If we apply 71 to both terms of the factorization ([T9|) . 
Lemma [5.121 shows that: 

For all proper </> G P we have 7^(0""^) = 7^(0)"'^, by Lemma [5.121 For the improper 
G P (if Crifx) > 1), we have 7^(0"^) = 7^(0) by Corollary |M1 equation 

and Corollary 15.41 □ 

The next result follows from Proposition 15.131 and Corollary 15. 4[ 

Corollary 5.14. Let (p be a proper key polynomial for fi and denote ip = Rr{4>). 
Then, ord^(i?r.(5')) = ord^^^{g) for any non-zero g E K[x]. □ 

6. MacLane-Okutsu invariants of prime polynomials 

In this section, we shall apply inductive valuations fi on K{x) to polynomials in 
without any explicit mention to the natural extension of fi to K^{x) described 
in Proposition 13. 9[ 

6.1. Prime polynomials and inductive valuations. 

Definition 6.1. LetF = F{Oy) C Oy[x] be the set of all monic irreducible polynomials 
in Oy[x]. We say that an element in F is a prime polynomial with respect to v. 

Let F G P be a prime polynomial and fix ^ G a root of F. Let Kp = K^{6) 
be the finite extension of Ky generated by 9, Op the ring of integers of Kp, mp the 
maximal ideal and the residue class field. We have degF = e{F)f{F), where 
e(F), f{F) are the ramification index and residual degree of Kp/K^, respectively. 

In coherence with section 11.31 we denote by /ioo,F the pseudo-valuation on K[x] 
defined by fioo,F{g) = v{g{0)) for any g G K[x\. 

Lemma 6.2. Let F,F'eF be two prime polynomials, and let 6, 9' G be roots of 
F,F', respectively. Then, v{F{9'))/ deg{F) = v{F'{9))/ deg{F'). 
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Figure 7. Newton polygon A^^^^(F) 



/i(ao) = n{ae(f>^) + £X 




Proof. The value v{F{6')) does not depend on the choice of the root 6'; hence, 

deg(F>(F(^')) = v{Res{F,F')) = deg{F)v{F'{e)), 

because Res(F, F') = Yleez{F) ^'(^) = ^Ile'ez{F') ^^ere Z{F) is the multiset 

of roots of F in K^, with due count of multiplicities if F is inseparable. □ 

We are interested in finding properties of prime polynomials leading to a certain 
comprehension of the structure of the set P. An inductive valuation fi admitting a 
key polynomial such that |^ -F reveals many properties of F. 

Theorem 6.3. Let F & F be a prime polynomial and 9 G a root of F . Let /i 
be an inductive valuation and a key polynomial for ft. Then, cj) \^ F if and only if 
v{<p{9)) > n,{4>). Moreover, if this condition holds, then: 

(1) Either F = cf), or the Newton polygon N^^{F) is one-sided of slope —\, where 
A = t;(0(e))-/x(0)GQ>o. 

(2) Let i = i{Nf^^^{F)) . Then, degF = £deg0 and F is ^-minimal. 

(3) F ~^ 0^, so that TZ{F) is a power of the maximal ideal TZ{(f))- 



Proof. If F = 0, then both conditions |/i F and f (0(6')) > /i(0) hold. 

If F 7^ 0, consider the minimal polynomial g{x) = Yl'j=o^3^'^ ^ Oy[x] of 
K^. All roots of g{x) in have f-value equal to 6 := f (0(6')) > 0; hence, 

k6, vibi) > (k- i)6, 1< j <k, v(by) = 0. 



over 



v{bj) > ik-j)6, l<j<k, v{bk 

N^^fj,. These conditions imply that the Newton polygon N{G) 

-A. 



vibo) 

Let us denote : = 

of the polynomial G{x) = g{(f){x)) = YTj=obj4^ is one-sided of slope /i(0) — 5 = 
Since G{6) = 0, the polynomial F is a factor of G and Theorem 12.81 shows that 

(21) N-{G)=N-{F) + N'{G/F). 

Now, if 1^ F, then Lemma [22] shows that i{N~{F)) = ord^,^(F) > 0; hence, 
A^~ (G) has positive length too, and A must be a positive rational number. Conversely, 
if A > 0, then N{G) = N~{G) and we have 

i{N{F)) + e{N{G/F)) < e{N{G)) = i{N-{G)) = i{N'{F)) + i{N-{G/F)). 

This implies N{F) = N~{F) and since N~{G) is one-sided of slope —A, (!2T1) shows 
that A^(F) is one-sided of slope —A too. This proves that |^ F if and only if A > 0, 
and also that item 1 holds in this case. 
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Let F = Yll=o '^s4>^ 0-expansion of F. Let 9^ G be a root of 0; by Lemma 

I6.2[ v{(j){6))/ deg0 = v{F{6^))/ degF = v^aoiO^))/ degF. On the other hand, since 
degoo < deg0, Proposition 11.121 shows that /x(ao) = f (ao(6'<^)). Therefore, item 1 and 
a look at Figure [7| show that 

Hpcr F deff F 

/i(a,) + + A) = /i(ao) = t;(ao(^^^)) = :7^^(0(^)) = + A) 

deg deg 

deg a. + I deg ^^^^^ + A) = f + f") (M0) + A). 



deg \ deg ( 

If dega^ > 0, then would be a monic polynomial satisfying an inequality that 
contradicts Theorem 13.111 

H{ai) _ ^i{4>) + A ^ /i(0) 



deg a I deg deg 

Therefore, ae = 1 and degF = ^deg0. Also, /i(F)/degF = yu(0^)/degF = 
/x(0)/ deg0; thus, F is /i-minimal by Theorem 13. Ill This proves item 2. 

Item 3 follows from fi{F) = fi{4>^) < fi{as(j)^) for all s < i. □ 

Corollary 6.4. With the above notation, suppose that |^ F and fi admits a 
MacLane chain of length r as in ^ such that 0^. Then, for any 1 < i < r, the 
Newton polygon Ni{F) is one-sided of slope — Aj, we have fi{4>i) = v{(j)i{9)) and 

(22) 0f, degF = £,deg0„ i?,_i(F) = , 

where ii := i{Ni{F)). In particular, ii = Cifiii+i for all 1 <i < r. 

Proof. Since 7^^ 0^, Corollary 15 .41 shows that deg Rr{4>) > 0. Since F ~^ 0^, we have 
i?^,(F) = Rr{(l)Y by Corollaries 113] and ill hence, i{N-{F)) > deg i?^(F) > 0, and 
this implies that 0.^ F by Lemma 12.21 Therefore, 0j |^-_-^ F for all 1 < i < r, 
and fl22|) is a consequence of Theorem 16.31 and Corollaries 14. 5[ 14.71 and 15. 6[ 

We have F 7^ 0j and the slope of Ni{F) is — Ai, because otherwise Ri{F) would 
be a constant, leading by Corollary 15.141 to 04+1 f^. F for z < r, or to F for 
i = r. Finally, fii{4>i) - /ii-i(0i) = Ai = v{(j)i{6)) - /Xi-i(0i) by Theorem EJl Hence, 
/i(0i) = /Ui(0i) = v{(f)i{9)) by Lemma [331 □ 

If F 7^ 0, we may extend the given MacLane chain to a MacLane chain of length 
r + 1 of the valuation /i' = [/i; (0, A)] just by taking 0^+1 = 0, A,,.+i = A. 

((/>l,Al) (</'2,A2) (0r,Ar) {<f>r + l,Xr + l) , 

fiQ > fil > ■ ■ ■ > fir = fJ' ^ /^r+l = • 

Since v(-^) = and s'^,{F) = i, Corollary [431 shows that degRr+i{F) = i/cr+i > 0. 
Let ip be an irreducible factor of Rr+i{F) in Fr+i[y]. By Theorem 15. 8[ there exists 
0' G KP(/i') such that i?r+i(0') = V^- Since i?r.+i(-f')(0) 7^ 0, we have y and 
0' 7^^/ 0. Also, deg 0' = Cr+i deg ip deg by Lemma [5731 and 0' |^/ F by Corollary 15. 141 
By Theorem[63l F (0')^' for i' = i/{er+i deg^j). By Corollary[131 Rr+i{F) = ip^' . 
This procedure may be iterated as long as F 7^ 0'. 

These ideas of MacLane are the germ of an algorithm to compute approximations 
to F by prime polynomials with coefficients in O, with prescribed precision. We shall 
discuss the relevant computational aspects of this algorithm in 

We now deduce from Theorem 16.31 the fundamental result concerning factorization 
of polynomials over K^. It has to be considered as a generalization of Hensel's lemma. 
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Definition 6.5. We define the degree of C E Max(A) as deg£ = dim]p^(A/£). 

Equivalently, deg C = deg ip for the unique monic irreducible polynomial ip &¥r [y] 
such that C = ip{yr)^. 

Theorem 6.6. Let n be an inductive valuation and let (p be a proper key polynomial 
for n. Then, every monic polynomial g G Oy[x] factorizes into a product of monic 
polynomials in Oy[x]: 

where —X runs on the slopes of N~^{g). For each X, if fix = [fi; {4>, X)], then C runs on 
the maximal ideals of A{fix) dividing 7l^^{g). If e{fi)X = hx/e\, with h\,ex positive 
coprime integers, then 

deg go = degg- i{N-^{g)) deg (f), deg gx,c = ca ord£(7^^^(5()) deg£deg0. 

Moreover, if oTdc{'R-f_i^{g)) = 1, then gx^c is irreducible in 0.u[x\. 

Proof. Let g = Fi - ■ ■ Fthe the factorization of g into a product of monic irreducible 
polynomials in Denote Ij := £(^N~^{Fj)) = ord^^(^(Fj) (Lemma 12. 2p . The 

factor go is the product of all Fj satisfying Fj. The factors Fj with (p \^ Fj have 
degFj = ij deg0, by Theorem 16.31 By Theorem 12. 8 [ N~^{g) = J2j ^/T^l-^i)! hence, 

deg g-deggo= ^ deg Fj = ^ ij deg = ^ ij deg (p = i {N-^{g)) deg (p. 

The factor 0°'''^<^>(s) is the product of all Fj equal to (p. By Theorem 16. 3[ for the 
factors Fj ^ (p such that (p |^ Fj, the Newton polygon N^^^{Fj) is one-sided of slope 
—A, and Theorem 12.81 shows that —A is one of the slopes of N~^{g). Along the 
discussion previous to Theorem 16. 6[ we saw that these Fj are /lA-proper and 

n^AFj) = ^''^^ degF, = exi'j deg£deg0, 

where £ is a certain maximal ideal in A{fi\) and i'j = ij/{exdegC). Also, since 
s^^{Fj) = 0, Lemma [2^61 shows that (p Fj, so that £ 7^ TZ^^{(p), by Proposition 
I5.13[ Now, for a given pair (A, C) we take gx,c to be the product of all Fj such that 
N^^^{Fj) is one-sided of slope —A and 7^^^(Fj) is a power of C Let Jx,c be the set of 
all indices j of the irreducible factors Fj of gxx- 

We claim that £ \ TZ^^ (Fj) for all j ^ Jx,c- fsuct, since £ 7^ 71^^ (0), the statement 
is clear for the factors Fj equal to 0. If Fj, or N^^^[Fj) is one-sided of a slope 
lower than —A, then Fj oq, where Oq is the 0-th term of the 0-expansion of Fj 
(see Figure [H]); hence, H^^{Fj) is a unit and TZ^^{Fj) = 1. If N^^^{Fj) is one-sided of 
a slope larger than —A, then Fj 0^^ (see Figure [8]); by Proposition 15.131 lZfj,^{Fj) 
is a power of 7^^^ (0) and it is not divided by £. 

Therefore, from the equality TZ^^{g) = Ylj'^f^xi^j) of Lemma [5.12[ we deduce 

ord^ n,, ig)=J2- o"^^ (F,) = J2 -.r o^d^ ^/^A (F,) 

= . , deg Fj/ {ex deg £ deg 0) = deg gx,c/ {ex deg £ deg 0) . 
Finally, if OTdc'R-n^{g) = 1, there is only one irreducible factor Fj dividing gx,c- D 
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Theorem 6.7. Let F ^¥ be a prime polynomial. An inductive valuation jj, satisfies 
fJ' < fJ'oo,F if o-nd only if there exists (f) G KP(/i) such that |^ F . In this case, for a 
non-zero polynomial g & K[x\, we have 

(23) n{g) = HooAa) if and only if g. 

Proof. If /i < HoQ,F, we may consider (p & K[x] monic with minimal degree among aU 
polynomials satisfying yu(0) < fJ'OD,F{4')- By Lemma [1.141 is a key polynomial for fi, 
and condition ( 123|) is satisfied. In particular, |^ F. 

Conversely, suppose that |^ F for some G KP(yu). If F = 0, the statement of 
the theorem is proved in Proposition I1.12( thus, we may assume F 7^ 0. If we show 
that fi < fioD,F, then there exists 0' G KP(/i) such that 0' |^ F and f l23|) is satisfied 
for 0'. By Theorem 16.31 F ~^ 0^ for some £ > 0, so that 0' |^ 0, and this implies 
~^ 0' by Proposition 15. 7[ Hence, satisfies as well. 

Let us prove the inequality fx < /ioo,F by induction on the depth r of /i. If r = 0, 
then clearly fj, = fio < fioo,F- Suppose r > and the statement true for all valuations 
with lower depth. Consider an optimal MacLane chain of fi. 

Let g G K[x] with 0j.-expansion g = J2o<s '^s4'r- Since (pr \ii.r~i '^s, we have /i(as) = 
lir-iio-s) = f^oo,F{cis) by Proposition 11.91 and the induction hypothesis. Thus, we need 
only to show that /i(0r) < /ioo,F(0r), because then 

^^ocA9) > min{/ioo,F(as0')} > min {/i(a,0')} = fi{g). 

0<s 0<s 

If ~^ 0r, then 0r 1^ F and Theorem 16.31 shows that v{(pr{0)) > /^(0r)- If 4> ^r, 
then v{^r{0)) = /i(0^) by Corollary [621 □ 

Theorem 16.71 may be applied as a device for the computation of fioo.F- Given 
g G K[x], we find a pair (/i, 0) such that l^^ F and leading to v{g{6)) = fi{g). 
From a computational perspective, the condition (p \^ g is checked as Rr{4>) t RriF"), 
with respect to a MacLane chain for fi. This yields a very efficient routine for the 
computation of the p-adic valuations Vp : K* — )■ Z, with respect to prime ideals p in 
a number field K . 

Corollary 6.8. With the above notation, let G be a root of (p. 

(1) For any polynomial g G K[x\ with degg < deg0, we have v{g{6^)) = v{g{6)). 
In particular, e(0) | e(F). 

(2) There is a canonical embedding F<^ — )■ Fi?, given by g{6^) + t-?- g{6) + mp 
for any polynomial g G K[x\ with degg < deg0 such that v{g{6^)) > 0. 
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Proof. If a polynomial g G K[x] has degg < deg0, then and v{g{9fjj)) = fi{g) = 
v{g{6)), by Proposition 11.121 and Theorem 16. 7[ respectively. This proves item 1. 
Let Cp he the kernel of the canonical ring homomorphism 

A(/i) ^ F^, g + V^ifi) ^ g{0) + m^. 

Since Cp is a non-zero prime ideal of the PID A(/i), it is a maximal ideal. By Theorem 
16.31 and (!23l) . 'R.{(p)°' = Ti^F) C Cp for a certain positive integer a. Since 7^(0) 
and Cp are maximal ideals, they coincide. By Proposition 11.151 the homomorphism 
A(yu) — i- given hj g + Vq{ij) h-> g{0) + m,^ is onto and it has the same kernel. This 
proves item 2. □ 



6.2. Okutsu invariants of prime polynomials. We keep dealing with a prime 
polynomial F G P and a fixed root 9 G of F . 

Let -Fi, . . . , G (9[a;] be monic polynomials of strictly increasing degree: 

1 < deg Fi < ■ ■ • < deg Fr < deg F. 

Denote F^+i := F and consider the following sequence of constants: 

degFi 

Note that Cr+i = oo. We say that [Fi, . . . , Fr] is an Okutsu frame of F if 

(24) deg^ < degF,+i ^ < Q < Q+i, 

deg^ 

for any monic polynomial g{x) G 0[x] and any < i < r. 

The length r of the frame is called the Okutsu depth of F. Clearly, the depth r, 
the degrees degFj and the constants Cj attached to any Okutsu frame are intrinsic 
data of F. We denote Ci{F) := Ci for all < z < r + 1. It is easy to deduce from 
flMl) that all polynomials Fi, . . . ,Fr are prime polynomials. 

Theorem 6.9. Consider an optimal MacLane chain of an inductive valuation /j,. 

{<j)l,Xl) (</'2,A2) (</)r-l,Ar-l) (0r,Ar) 

fiQ > jll > ■ ■ ■ > ^r-1 > l^r = 

Then, . . . , (pr] is an Okutsu frame of every strong key polynomial F for yu, and 
Ci{F) = difi) for alll<i<r. 

Proof. Let F G KF(nY^^, and let 9 G be a root of F. By the optimality of the 
MacLane chain, mi < ■ ■ ■ < < rrir+i := degF. Fix an index < i < r. For every 
monic polynomial g with degg < rrii+i, Proposition 11.121 and Lemma [3.41 show that 

fXi{g) = fXi+iig) = ■■■ = ^{g) = ^IooAq)- 

These equalities hold in particular for 0j. Hence, by Theorem 13.111 

v{.9{.0))/ degg = fii{g)/ degg < C{^ii) = fii{(f)i)/mi = v{(f)i{9))/mi. 

The inequality Ci{fi) < Ci+i{jji) was proved at the beginning of section [3?T1 □ 
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Definition 6.10. The Okutsu discriminant bound of a prime polynomial F E F of 
Okutsu depth r is defined as 

6o{F) := deg{F)Cr{F) = t;(Res(0,, F))/ deg0, 

= deg(F) ma.x{v{g{9)/ degg \ g G 0[x], g monic, degg < degF} . 

We may attach to F a valuation fip: K^{x)* — )■ Q, determined by the following 
action on polynomials: 

• Hf^o) = ^oo F^ci), if a & K[x] has dega < degF. 

• If 9 = 'l2o<s^sF'^ is the F-expansion of g, then ^pig) = mino<s{/iF(«s-F'')}- 
We denote by the same symbol fip the valuation on K{x) obtained by restriction. 



The next theorem, which is a kind of converse of Theorem I6.9[ shows that /ii? is 
indeed a valuation. 

Theorem 6.11. Let [Fi, . . . , Fr] be an Okutsu frame of a prime polynomial F e P. 
Then, fip is an inductive valuation on K{x) admitting an optimal MacLane chain 

_ (FlM) _ {F2M) (Fr-l,Xr-l) _ {Fr,Xr) 

1^0 — f^Fi > fJ'l — fJ'F2 ^ ■ ■ ■ ^ — fJ'Fr ^ fJ'F, 

with Aj = v{Fi{6)) — 5o(-^i) for 1 < ^ < being 6 G a root of F. Moreover, F is 
a strong key polynomial for fip (is a valuation on Ky{x). 

Proof. Denote F^+i := F. Since Fi is a monic polynomial with minimal degree among 
all polynomials g satisfying fioid) < fJ'oo,F{g), Lemma [1 . 141 shows that Fi is a (strong) 
key polynomial for /xq and Fi F. As a key polynomial for /io, Fi G ¥[y] is 
irreducible, and this implies that Fi has Okutsu depth zero. An Okutsu frame of Fi 
is the empty set, so that 5o(-^i) = deg(Fi)Co(Fi) = 0. Thus, fipi = yUo is a valuation 
and Fi is a strong key polynomial for this valuation. This proves the theorem in the 
case r = 0. If r > 0, we have proved the following conditions for the index i = 1: 

(a) fiPi is a valuation admitting an optimal MacLane chain 

/^O — fJ'Fi > fJ'l — P-F2 ^ ■ ■ ■ ^ fJ'i-1 — fJ'Fi, 

with Xj = v{Fj{9)) - So{Fj) for I < j < i. 

(b) Fi is a strong key polynomial for ^p- and Fi F. 

We need only to show that if these conditions are satisfied for an index 1 < i < r, 
then they are satisfied for the index i + 1. 

Since Fi F, Theorem 16.31 shows that fip.^Fi) < v{Fi{6)). Therefore, by the 
definition of /ij?-, the monic polynomial Fi has minimal degree among all polynomials 
g satisfying UfAq) < f^oo,F{g)- By Lemma [TUl [fip^; {Fi, Xi)] < /ioo,F, where = 
fiooAFi) - m{Fi) = v{Fi{d)) - 6o{Fi). Denote fi := [fiFf, [Fi, Xi)]. 

Let be a monic polynomial with minimal degree among all polynomials g satisfy- 
ing fi{g) < fioo,F{g)- By Lemma [1.14[ is a key polynomial for /i and fi{g) < fioo,F{g) 
is equivalent to |^ g; in particular, |^ F. By Lemma [1.10[ Fi is a key polynomial 
for fi] hence. Lemma [2.111 shows that 

...^ vim) ^}<^_r( ^ - - f'FAF^) + X^ _ vjFm 

^ ' deg0 ^deg0-'^^^^-degF, - degF, " degF, ' ^'^^ 
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By (!24|) . we have necessarily deg0 > degFj+i. On the other hand, by (!24l) . (!25|) and 
Theorem 13.111 we have 

"(^■«(«)' > C,(F) = CM > 



deg Fj+i deg F^+i 

Hence, f(Fj+i(6')) > which is equivalent to |^ Fj+i by Theorem 16.31 By 

the /x-minimality of <p, we have deg0 < degFj+i. Thus, deg0 = degFj+i and we get 
~/i -^j+i by Lemma fl.5l Therefore, Fj+i is a key polynomial for /i and Fj+i |^ F. 
Also, the inequality deg Fj+i > deg Fj between two key polynomials for fi shows that 
Fj+i is a strong key polynomial for /x. 

Let 6'j+i G -fTt, be a root of Fj+i. Since Fj+i |^ F, Corollary 16.81 shows that 
v{a{9i+i)) = v{a{9)) for any a G K[x] with deg a < degFj+i. In particular, Cj(Fj+i) = 
Cj{F) for all j < i, and [Fi, . . . , Fj] is an Okutsu frame of Fj+i. By fl25|) we have: 

(26) 5o(i^^+i) = degF,+i ^(F.+i) = degF,+i Q{F) = deg F,+iC(/i). 

Finally, let us show that /i = /iF^+i- Let = Xlo<s '^s(-^i+i)* be the Fj+i-expansion 
of a polynomial ^ e Since Fj+i G KP(/i), we have: 

• ^i{as) = /ioo,F,+i(as) = fJ^F,+Ms), by Proposition HJJl 

• = degFi+iC(/i) = 6o{Fi+,) = fip^^.iFi+i) , by Lemma EII] and (EEl). 

• /^(^) = mino<s{/^(a.(Fi+i)*)} = mino<,{/iF,+i(as(Fi+i)")} = ^iF^+Ad)- □ 

Let us emphasize a fact that was seen along the proof of Theorem 16.111 

Corollary 6.12. Let [Fi, . . . , Fr] he an Okutsu frame of F & F. For any 1 < i < r, 

let 6i G he a root of Fi. Then, v{g{9i)) = v{g{9)) for any polynomial g G K[x] 
with degg < degFj. In particular, [Fi, . . . ,Fj_i] is an Okutsu frame of Fi. □ 

Corollary 6.13. The MacLane depth of an inductive valuation /i is equal to the 
Okutsu depth of any strong key polynomial for /i. The Okutsu depth of a prime 
polynomial F is equal to the MacLane depth of the canonical valuation fip- D 

Corollary 6.14. Let fi he an inductive valuation and F a prime polynomial. Then, 
= fip if and only if F e KP(yu)'^*^ 

Proof. If /i = fip, then F G KP(yu)''*'' by Theorem 16. Ill Conversely, suppose that 
F G KP(/i)'^*'' and consider an optimal MacLane chain of fi. 

(01, Al) (</>2,A2) (0,.-l,Ar-l) (</<r,Ar) 

/iO /il > ■ ■ ■ > /if-l > fJ-r = /i 

By Corollary 16. 4[ Aj = v{(j)i{6)) — /ij_i(0i) for all 1 < i < r. By Theorem 16. 9[ 
[01, . . . , 0r] is an Okutsu frame of F, and by Theorem 16. IH we get recursively = 
fiij). for all 1 < i < r and fi = fip- D 

Definition 6.15. Let F he a prime polynomial of Okutsu depth r, and let fr : = 
deg TZhp (F) . An Okutsu invariant of F is a rational numher that depends only on 
Cq, . . . ,er, fo, ■ ■ ■ , fr,hi, ■ ■ ■ ,hr! that is, on the hasic MacLane invariants of hf and 
the numher fr. Note that fr = deg Rr{F) with respect to any optimal MacLane chain 
of ^F- 
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The ramification index, residual degree, and the Okutsu discriminant bound of F 
are Okutsu invariants: 

e(F) = eo ■ ■ ■ Cr, f(F) = fo---fr, 5q{F) = erfr{Wr + K), 

as shown in Proposition [LT2l Corollary [531 and equation ([8]), respectively. The index, 
the exponent and the conductor of a prime polynomial are also Okutsu invariants 
admitting explicit formulas in terms of the basic invariants e^, /«, hi [13]. 

Definition 6.16. Let F,G & F be two prime polynomials of the same degree, and let 
9 e he a root of F. We say that F and G are Okutsu equivalent, and we write 
F^G, ifv{G{d))>6^{F). 

The idea behind this concept is that F and G are close enough to share the same 
Okutsu invariants, as the next result shows. 

Proposition 6.17. Let F,G eF be two prime polynomials of degree n. The following 
conditions are equivalent: 
{1)F^G. 

(2) F G. 

(3) v{Res{F,G)) > n6o{F). 

(4) /iF = fJ'G (ind Ti{F) = IZiG), where TZ := 71^^ = TZ^^. 

Proof. Since deg(F - G) < degF, we have ^^F{F - G) = v{{F - G){e)) = v{G{e)), 
by the definition of ftp- Hence, 

F^G ^ v{G{9)) > 6o{F) ^ fip^F - G) > fip^F) ^ F G. 

Thus, (1) and (2) are equivalent. We mentioned along the proof of Lemma [6.21 that 
f(Res(F, G)) = nv{G{6))] thus, (1) and (3) are equivalent. Finally, (2) and (4) are 
equivalent by Proposition 15.71 and Corollary 16.141 □ 

The symmetry of condition (4) shows that ~ is an equivalence relation on the set P 
of prime polynomials. These conditions determine a parameterization of the quotient 
set P/fti by an adequate space. 

Definition 6.18. Let fi be an inductive valuation. We say that a maximal ideal 
L G Max(A(/i)) is strong if C = 7l{(f)) for a strong key polynomial (p. 
The MacLane space of the valued field {K, v) is defined to be the set 

M = {(/i, £) I G V"'^, C G Max(A(/i)), C strong} . 

The next result is a consequence of Corollary 16.141 and Proposition 16.171 

Theorem 6.19. The following mapping is bijective: 

M-^P/^, {fi,C)^KP{fi)c. 

The inverse map is determined by F {fip,7l^p{F)) . □ 

The bijection M — t- P/f^^ has applications to the computational representation of 
irreducible polynomials over complete fields, because the elements in the MacLane 
space may be described by discrete parameters. This provides an efficient manip- 
ulation of approximations to the irreducible factors in Ky[x] of a polynomial with 
coefficients in a global field K. 
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7. Limit valuations 

7.1. Tree structure on V™'^. 

Definition 7.1. For fi,fi' G V"'^, we say that n is the previous node of fi' , and we 

write fi -< ^' , if fi' = [/i; (0, A)] for some strong key polynomial for /i and some 
positive rational number A. 

We denote by (V™'^, -<) the oriented graph whose set of vertices is V™'^, and there 
is an edge from /i to fi' if and only if ^ ~< ^' 

Proposition 13 . 71 shows that (V™'^, -<) is a connected tree with root node fio, and any 
optimal MacLane chain for fi G V'"*^ yields the unique path joining fi with the root 
node. In particular, the length of this path is the MacLane depth of fi. 

Also, Lemma [3.61 provides a description of the infinite set E{fi) of branches of any 
node jj, e V™"^. In fact, there is a bijection: 

(KP(/irxQ>o)/~^ E{fx), (0,A)^[/x;(0,A)], 

where ~ is the equivalence relation: 

(0, A) ~ (0', A') if deg = deg 0', A = A', /i(0 - 0') > /i(0) + A. 

Since the tree structure is determined by the optimal MacLane chains, the bijective 
mapping V'°'^(i^) — )■ Y^'^'^{K^) established in Proposition 13.91 is a tree isomorphism. 

MacLane showed that there are two kinds of valuations that may be obtained as 
limits of inductive valuations: those of finite and infinite depth. In the next sections 
we review them. 

7.2. Limits with infinite depth. 

Definition 7.2. A leaf of (V™'^, -<) is an infinite path 

yUo -< yUl -<■■■-< yUn -<■■ ■ 

We say that the leaf is discrete if the group values of the valuations are stable; that 
is, r(/i„) = r(/ino) for all n> uq, for a certain uq. 

A leaf has attached an infinite number of MacLane invariants Ci, fi, hi,mi, which 
depend only on the sequence of valuations and not on the choice of the strong key 
polynomials 0j used to construct /ij from Since the degrees of these strong 

polynomials grow strictly and mj+i = ej/jmj, we have Cj/j > 1 for alH > 1. Also, for 
any g G K[x], we shall have degg < rrii^i for a sufficiently advanced index i. Thus, 
Lemma 13.41 shows that 

IJ-iig) = nig), for all j> 2. 
Thus, any leaf determines a limit valuation /igo = lini/i„, defined by fiooid) = /^j(fl') 
for a sufficiently advanced index i such that the value ^i{g) stabilizes. Note that 
fioo{g) takes finite values for all non-zero g G K[x]. 

Since the products Cifi are always greater than one, either lime(/i„) = oo, or 
lim/(yU„) = oo (not exclusively). If lime(/i„) = oo, then the group of values of 
/ioo has accumulation points at all the integers, and the valuation is not discrete. If 
lime(/i„) 7^ oo, then there exists an index Hq such that e„ = 1 for all n > Uq, or 
equivalently, e(/i„) = e(/i„(,) for all n > no; thus, the leaf is discrete. In this case, 
e(/ioo) = e(/i„o) and the valuation /loo is discrete. 
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In this discrete case, we must have hm = oo, so that the inductive hmit (union 

after the standard identifications) Fqo = Un infinite algebraic extension of F. 

It is easy to check that 

KP(/Xoo) = 0, /«(/^oo) ^ A(/ioo) = IFoo, Gr{noo) ^ Foo[p,p~^], 

where p is an indeterminate. 

Since the tree isomorphism (V™'^(-ft'), -<) ~ (V™*^(-ft't,), -<) preserves the invariants 
ei,fi,mi attached to each node, it induces a 1-1 correspondence between the valua- 
tions with infinite depth on K{x) and the valuations with infinite depth on Ky{x). 

7.3. Limits with finite depth. An infinite MacLane chain is an infinite sequence 
of augmented valuations: 

(01, -^l) (</'n-l,A„_i) (</<n,An) {4>n + l ,>^n+l) 

Ho > ■ ■ ■ > f^n-l ^ f^n ^ 

such that f^^ for all n. By Lemmas 12.101 and 13. 2[ m„ | m„+i and r(yU„) C 
r(/^n+i) for all n. 

If the degrees m„ of the key polynomials 0„ are not bounded, there exists a limit 
valuation of this sequence, which is one of the valuations with infinite depth already 
described in the previous section. 

If the degrees m„ are bounded, there exists an index t such that m„ = rrit for all 
n >t. Hence, = 1 = for all n > t, and this implies 

r(/i„) = r(/it_i), F„ = Fi, foralln>t 

Theorem 7.3. [TOl Thm 7.1] Every infinite MacLane chain with stable degrees de- 
termines a limit pseudo-valuation on K[x], given by g ^ lim„/i„((yf). This pseudo- 
valuation coincides with fioo,F for some prime polynomial F G P. Let 9 G Ky be a root 
of F. If 6 is algebraic over K , then /ioo,F infinite on the ideal of K[x] generated 
by the minimal polynomial of 9 over K . If 9 is transcendental over K , then fioD,F 
determines a valuation on K{x) with: 

e{F) = e(/ioo,F) = e(/it_i). Fir = /«(/ioo,F) - A(/ioo,F) = ^t, 

where rUn = rrit for all n > t. Also, Qr{fiao,F) — ^f[p,P~^], where p is an indetermi- 
nate, and KP(yUoo,F) = 0- n 

Consider an infinite MacLane chain with stable degrees and limit /ioo,F for some 
F G P. Let if: be the least index such that m„ = rrit for all n > t. Clearly, degF = 
e{F)f{F) = e{(f)t) f {4>t) = f^t- For all i, the key polynomial (pi is /ij_i-proper and 
4>i Ifii^i F, by Corollary 16.41 By Lemma ll.5[ F is a key polynomial for fit-i- By 
Lemma [1.1 0[ (pt-i is a key polynomial for fit-i too. Hence, deg(j)t-i < degF implies 
that F is a strong key polynomial for fj,t-i- Thus, fit-i = iif by Corollary 16.141 

Let us emphasize the role of /li? as a threshold valuation in the process of con- 
structing approximations to /Xoo.f- 

Proposition 7.4. Consider an infinite MacLane chain with limit fioo,F o,nd let t be 
the first index such that deg^^ = deg0t for all n>t. Then, Ht-i = f^F- D 

By Lemma 13. 5[ all valuations /i„ with n > t have the same depth, and by Theorem 
16. 9[ this depth coincides with the Okutsu depth of F. Thus, it makes sense to say 
that these pseudo- valuations are limits with finite depth. 
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Theorem 7.5. [IQ\ Thin. 8.1] The set V is the union o/ V™'^, the limit valuations 
given by the discrete leaves of (V'^'^, -<), and the valuations /ioo,F determined by all 
prime polynomials in P which do not divide any polynomial in 0[x]. □ 

Note that limit valuations fioo,F € V of finite depth do not occur if K = Ky. A 
posteriori, it is easy to distinguish the inductive valuations among all valuations. 

Corollary 7.6. For any G V, the following conditions are equivalent: 

(1) fi is an inductive valuation. 

(2) n is residually transcendental; that is, K,{fi)/K,{v) is a transcendental extension. 

(3) KP(/x) ^ 0. 

(4) n{g)/ degg is bounded on all monic polynomials g G K[x]. 

(5) there exists a pseudo-valuation ^' on K[x] such that fi < fi' . □ 

7.4. Intervals of valuations. For arbitrary /i, fi' G V, recall that the interval [n, n'] 
is defined as: 

= {z/ G V I ;U < z/ < fi'}. 

Theorem 7.7. For any pseudo-valuation fi on K[x], the interval [yUo;/^) C V™'^ is 
totally ordered. 

Proof. Let u, v' be two valuations such that v < ix and v' < fi. Consider a monic 
polynomial (p G K[x] of minimal degree satisfying < fi{4>)] by Lemma I1.14[ 

(p G KP(z/) and for any non-zero g G K[x], v{g) = fi{g) is equivalent to cj) g. 
Let (f)' G K[x] be a monic polynomial with analogous properties with respect to z/'. 
Suppose deg0 < deg0'. 

By the minimality of deg0 and deg0', for all a G K[x] with dega < deg0, we have 
z/(a) = fi{a) = z/'(a). If deg0 < deg0', then z^'(0) = > z/(0). Hence, u' > z/, 
because for any non-zero g G K[x] with 0-expansion g = X]o<s ^s4>'^, we have: 

(27) u\g) > min{z/'(a,0^)} > min{z/(a,0^)} = uig). 

0<s 0<s 

If deg0 = deg0', then 0' = + a for some a G K[x] with dega < deg0. By the 
z/-minimality of and the z/'-minimality of 0', we have 

(28) z/(0') = min{z/(0), z/(a)}, z/'(0) = min{z/'(0'), z^(a)}. 
Suppose z/(0) < z/'(0'). Then, 

z/(0') = min{z/(0),z/(a)} < z/(0) < z/'(0') < /i(0'). 

Hence, |^ 0'. By Lemma O, 0', so that z/(0) = z/(0') < z/'(0), by (128|) . 
Therefore, (127!) holds and u' > u. □ 

Our aim is to find an explicit description of the valuations in such a totally ordered 
interval. Let us start with the interval determined by an augmented valuation. 

For any key polynomial for /i, the pseudo-valuation /ioo,</> can be regarded as 
/^oo,0 = [Ai; (05 oo)] (cf. section [T73|) . Also, it makes sense to regard /x as a trivial 
ayugmentation of itself, namely /i = [/i; (0, 0)]. 

Lemma 7.8. Let (p be a key polynomial for an inductive valuation fi, and consider 
the augmented valuation fi' = [fi; (0, A)] for some A G Q>o U {oo}. Then, 

[/i,/i') = {[/i;(0,p)] IpgQ, 0<p<A}. 
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Proof. For every p G Q fl [0, A], denote /ip := [/i; (0, p)]. Consider a valuation z/ G V 
such that n < u < n' . For all a G with dega < deg0, we have /i(a) < u{a) < 
/i'(a) = /i(a), leading to /i(a) = i^(a). Take p = z/(0) — yu(0) G Q fl [0, A]. For any 
g G -ft'[a;], with 0-expansion g = J2o<s '^f'P'^ ^ have 

iy{g) > min{z/(a,0")} = min{/i(a,0') + sp} = fip{g), 

0<s 0<s 

SO that Hp < u. If p = A, then p' = fip < against our assumption; thus, p < A. 
We claim that /ip = v. In fact, let us show that fip < u < p' leads to a contradiction. 
Let g G be any polynomial such that Pp{g) < i^{g)- By the very definition of 
the augmented valuations, there exists a sufficiently small rational number e > such 
that p + e < A and fip+^{g) < i^{g)- On the other hand, /Xp+e(0) = p + e > p = 
Therefore, u ^ fip+^ and u ^ Pp+e, in contradiction with Theorem 17. 7[ □ 

Let F G P be a prime polynomial with respect to v. By Theorem 16.111 F is a key 
polynomial for the inductive valuation /i^ G Y^'^'^{K^). Consider an optimal MacLane 
chain of its restriction /if G V™^(-ft'): 

((/>l,Al) (02, A2) (0r-l,Ar-l) (<^r,Ar) 

/iO )■ ptl > ■ ■ ■ Pr-l ^ fJ'r = f^F- 

By Theorem 17.71 

[/iO, /^oo.f) = [/iO, ah) U [/ii, /i2) U ■ ■ ■ U /ii^) U [ptF, /ioo,F), 

and Lemma 17.81 gives an explicit description of each of these subintervals. If we 
consider valuations over K^{x), the subinterval [/i_F, /^oo.f) is equal to 

[/^F,/ioo,F) = {[/iF; (F, A)] I A G Q>o} c Y'^^K,), 

By Proposition 13.91 the restriction of these valuations to K{x) yields a completely 
analogous description of [/iF,/^oo,F) C Y^^'^{K). By Lemma [3l6| the restriction of 
[yLii?; {F, \)] to -ft'(a;) coincides with [pp; (0, A)] for any G fCfa;] such that deg0 = 
degF and ij,f{F - 0) > Pf{F) + A. 
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